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In  this  dissertation  we  work  on  three  different  topics  in  set  theory. 

The  first  topic  deals  with  weak  choice  principles  of  the  form:  Every  “finite"  family 
of  non-empty  sets  has  a choice  function,  where  “finite”  stands  for  one  of  several 
different  definitions  of  finiteness  that  are  not  equivalent  unless  we  assume  the  axiom 
of  choice  (AC).  Several  relations  of  implication  and  independence  are  established. 

In  the  second  chapter  we  construct  a model  of  set  theory  without  AC  where 
there  exists  a countable  compact  Hausdorff  space  with  no  isolated  points,  and  a more 
elaborate  model  where  there  exists  a countable  compact  Hausdorff  space  which  is 
connected. 

The  last  topic  is  the  study  of  singular  Jonsson  cardinals  using  the  techniques  of 
core  model  theory  We  extend  a result  of  Mitchell  to  include  singular  cardinals. 
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INTRODUCTION 


This  work  addresses  several  questions  regarding  three  separate  topics  in  set  theory. 
The  first  two  topics,  which  correspond  to  Chapters  1 and  2,  deal  with  some  of  the 
unexpected  phenomena  that  can  arise  when  the  axiom  of  choice  (AC)  is  not  assumed. 
The  third  topic  is  the  study  of  some  large  cardinals  of  “medium  size,”  in  particular 
the  so-called  Jonsson  cardinals,  using  the  techniques  of  core  model  theory. 

In  the  first  chapter  we  study  the  regulating  influence  of  AC  and  some  of  its 
weaker  consequences  on  the  notion  of  finiteness.  When  in  the  historical  development 
of  mathematics  the  use  of  actual  infinities  became  progressively  acceptable,  the  need 
to  find  precise  definitions  for  the  intuitive  notions  of  finiteness  and  infinity  became 
pressing.  Among  the  early  inquires  into  the  subjects  were  those  of  Bernoulli  and 
Dedekind,  but  until  the  development  of  set  theory  by  Cantor  there  was  no  solid 
framework  for  the  study  of  infinite  quantities.  The  currently  accepted  definition  of 
finiteness  (which  automatically  provides  a definition  of  infinity,  by  negation)  is  the 
following:  a set  is  finite  if  it  has  n elements,  for  some  positive  integer  number  n. 

One  of  the  earliest  systematic  studies  of  finiteness  was  done  by  Tarski  [Tar24]. 
One  of  his  motivations  was  to  find  a purely  set  theoretical  definition  of  a finite  set, 
in  order  to  avoid  the  appeal  to  the  notion  of  number.  After  the  development  of  the 
Von  Neumann  ordinals,  which  allowed  mathematicians  to  consider  numbers  as  sets 
(and  therefore  no  longer  an  external  notion),  this  motivation  became  less  important. 
However,  the  many  definitions  that  he  included,  along  with  the  relations  of  implication 
between  them  that  he  found,  plus  the  fact  that  all  these  definitions  become  equivalent 
under  AC,  turned  out  to  be  very  influential  in  the  realization  of  the  importance  of 
AC  in  resolving  many  fundamental  matters  in  mathematics. 
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The  main  contribution  of  this  chapter  is  the  study  of  several  weak  versions  of 
AC  of  the  form  “every  finite  family  of  non-empty  sets  has  a choice  function.  ” If  by 
“finite”  we  understand  the  commonly  accepted  definition,  the  statement  above  can 
be  proved  with  the  usual  axioms  of  set  theory  (ZF),  without  any  use  of  AC.  But  if 
we  allow  the  use  of  less  restrictive  definitions  of  finiteness,  the  resulting  statements 
cannot  be  proved  in  ZF  unless  some  extra  principle  is  assumed  (usually  a consequence 
of  AC).  Several  different  results  are  obtained,  establishing  relations  of  implication  and 
independence  between  these  statements  and  several  well  known  choice  principles. 

In  Chapter  2 we  present  some  examples  of  the  unusual  behavior  that  can  arise 
when  AC  fails,  even  in  well  studied  areas  of  mathematics  like  topology. 

Some  of  the  best  understood  objects  in  topology  are  compact  Hausdorff  topo- 
logical spaces.  However,  the  rich  structure  of  these  spaces  and  the  many  properties 
that  mathematicians  have  become  used  to  expecting  from  them  depend  on  AC.  The 
particular  property  that  we  study  here  is  the  following: 

Every  compact  Hausdorff  space  with  no  isolated  points 


(1) 

has  cardinality  greater  than  or  equal  to  that  of  the  continuum. 

This  can  be  proved  easily  using  AC;  however,  we  show  here  that  this  result  cannot 
be  proved  from  ZF  alone,  by  providing  a model  of  ZF  where  there  exists  a topology 
on  uj  which  is  compact  Hausdorff  and  has  no  isolated  points. 

The  result  above  answers  a question  posed  by  Marianne  Morillon  (see  Miller 
[Mil93]).  However,  it  can  be  proved  that  the  example  provided  is  an  extremally  dis- 
connected space.  In  order  to  answer  another  question  of  Morillon  (personal  commu- 
nication, 1998),  the  main  theorem  of  the  chapter  produces  an  example  of  a countable 
compact  Hausdorff  space  that  is  connected. 

Both  of  the  examples  obtained  in  this  chapter  are  compact  spaces  but  lack  a choice 
function  that,  given  an  open  cover,  chooses  a particular  finite  subcover.  This  leads  us 
to  consider  the  notion  of  effective  compactness,  which  requires  the  existence  of  such 
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a choice  function.  Section  2.2  is  devoted  to  proving  a result  almost  as  good  as  (1) 
without  using  AC,  but  requiring  the  space  to  be  effectively  compact. 

In  Chapter  3 we  study  singular  Jonsson  cardinals  using  the  tools  of  core  model 
theory.  The  results  that  we  obtain  are  an  extension  of  results  obtained  by  Kunen, 
Jensen,  and  Mitchell,  which  dealt  mostly  with  regular  Jonsson  cardinals.  The  result 
presented  here  is  an  extension  of  the  result  by  Mitchell  [Mit99]. 

Jonsson  cardinals  are  examples  of  large  cardinals.  Their  consistency  strength  lies 
below  that  of  measurable  cardinals,  but  these  cardinals  are  large  enough  for  their 
existence  to  be  incompatible  with  V = L (that  is,  the  affirmation  that  all  sets  are 
in  Godel’s  class  of  constructible  sets).  In  terms  of  consistency  strength,  Jonsson 
cardinals  are  close  to  Ramsey  and  Rowbottom  cardinals;  however,  the  exact  relations 
with  those  cardinals  are  not  completely  known  yet.  It  can  be  proved,  for  example,  that 
every  Ramsey  cardinal  is  also  a Jonsson  cardinal;  however,  it  is  not  known  (although 
it  seems  unlikely)  whether  every  regular  Jonsson  cardinal  is  a Ramsey  cardinal. 

Core  model  theory  offers  many  insights  in  this  matter.  In  his  most  recent  paper 
on  the  matter,  Mitchell  proves  that  if  there  is  no  inner  model  with  a Woodin  cardinal 
and  the  Steel  core  model  K exists,  then  every  regular  Jonsson  cardinal  (in  V)  is  a 
Ramsey  cardinal  in  /C;  furthermore,  if  k is  a J- Jonsson  cardinal  in  V and  S is  regular 
in  V,  then  k,  is  a J-Erdos  cardinal  in  K.  The  same  results  are  obtained  in  the  absence 
of  the  Steel  core  model  K if  some  extra  assumptions  are  made. 

In  the  same  paper  it  is  asked  how  can  these  results  be  generalized  to  include 
singular  cardinals.  Chapter  3 deals  with  one  of  the  possible  cases,  namely,  when  5 
is  singular.  However,  in  order  to  simplify  the  arguments,  we  will  consider  stronger 
hypotheses  that  will  allow  us  to  use  the  theory  of  the  core  model  for  sequences  of  mea- 
sures; namely,  we  will  assume  that  for  every  cardinal  t],  the  order  of  rj  is  less  than  77++. 
This  way  we  avoid  the  need  to  nse  iteration  trees  while  at  the  same  time  we  retain  the 
essential  features  of  the  arguments.  It  seems  plausible  that  the  results  obtained  here 
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can  also  be  obtained  using  hypotheses  similar  to  those  of  Mitchell  [Mit99],  especially 
since  the  structure  of  the  proof  here  follows  closely  the  structure  of  the  proof  in  that 
paper. 


CHAPTER  1 

FINITENESS  AND  THE  AXIOM  OF  CHOICE 
1.1  Introduction 

It  is  easy  to  prove  in  ZF  that  every  finite  family  of  non-empty  sets  has  a choice 
function,  that  is,  a function  that  assigns  to  each  set  in  the  family  one  of  its  elements. 
The  axiom  of  choice  (AC)  states  that  this  holds  also  for  infinite  families,  but  it  is  well 
known  that  AC  cannot  be  proved  in  ZF. 

However,  without  AC,  the  notion  of  finiteness  itself  is  not  so  clear,  since  different 
statements  that  express  properties  that  we  expect  finite  sets  to  have  (and  which 
are  equivalent  under  AC)  are  not  provably  equivalent  from  ZF.  From  the  several 
statements  considered  in  the  literature,  in  particular  in  Tarski  [Tar24],  Levy  [Lev58], 
and  Howard  and  Rubin  [How98],  as  possible  definitions  of  finiteness,  it  is  commonly 
agreed  that  the  “right”  definition  is  the  most  restrictive  one:  namely,  equivalence 
with  a natural  number.  It  is  this  notion  of  finiteness  for  which  the  statement  at  the 
beginning  is  true. 

In  this  chapter  we  study  the  relative  strength  of  principles  obtained  by  modifying 
the  statement  above  to  use  less  restrictive  notions  of  finiteness.  Let  Q be  a class  of 
sets  considered  to  be  finite  according  to  some  notion  of  finiteness.  Then  the  principle 
C{Q)  states  that  every  family  F 6 Q of  non-empty  sets  has  a choice  function.  It 
happens  that  these  principles  are  always  independent  from  ZF,  unless  Q is  the  usual 
notion  of  finiteness  mentioned  above. 

Another  group  of  principles  C~{Q)  is  studied,  which  states  that  for  every  infinite 
family  F G Q of  sets  there  is  an  infinite  subfamily  F'  C F with  a choice  function. 
Many  easy  relations  can  be  found  between  these  statements  and  between  these  and 
some  other  well  known  choice  principles;  other  not  so  trivial  relations  are  established 
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in  this  chapter.  It  turns  out  that  these  interrelations  are  different  for  ZF  and  for  ZFA, 
the  set  theory  with  atoms. 


1.2  Notions  of  Finiteness 

In  this  section  we  will  give  a list  of  well  known  notions  or  definitions  of  finiteness, 
and  some  of  the  relations  between  them.  We  follow  the  structure  of  note  94  from 
Howard  and  Rubin  [How98],  where  some  extra  information  can  be  found. 

Degen  [Deg94]  introduces  a reasonable  formalization  of  the  concept  of  a notion 
of  infinity,  which  automatically  provides  a formal  concept  of  a notion  of  finiteness. 
Suitably  adapted,  a Degen  notion  of  finiteness  is  a formula  (f){x)  with  one  free  variable 
such  that  the  following  are  theorems  of  ZF; 

1.  Vo;  > iu  -<(f){a), 

2.  \/n  < LO  (f){n), 

3.  \/xiy{\i  there  exists  a bijection  f:x->y  and  <f){x)  holds,  then  cf){y)  holds), 

4.  VxV?/(x  C y A 4>{y)  — >•  (f){x)). 

However,  our  concept  of  a definition  of  finiteness  is  less  restrictive.  We  will  consider 
some  notions  (formulas)  that  do  not  satisfy  (4),  and  one  that  does  not  satisfy  (1). 
Since  we  do  not  actually  need  to  give  a formal  definition  of  a notion  of  finiteness, 
it  will  be  enough  to  remark  that  any  such  notion  must  be  equivalent,  under  AC,  to 
notion  I (see  below). 

The  first  group  of  notions  is  taken  from  Levy  [Lev58].  Levy  introduced  la  and 
VII,  while  definitions  I,  II,  HI,  and  V were  introduced  by  Tarski  [Tar24],  as  well  as 
VI  (attributed  to  Tarski  by  Mostowski  [Mos38]).  Notion  IV  was  originally  introduced 
by  Dedekind. 

Definition  1.  A set  A"  is  said  to  be 

• I-finite  if  every  non-empty  family  of  subsets  of  X has  a maximal  element  under 
inclusion. 

• la-finite  if  it  is  not  the  disjoint  union  of  two  I-finite  sets. 
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• I I- finite  if  every  non-empty  family  of  subsets  of  X which  is  linearly  ordered  by 
inclusion  has  a maximal  element  (under  inclusion). 

• III- finite  if  there  is  no  one-to-one  map  from  V{X)  into  a proper  subset  of  V{X). 

• IV-finite  (also  Dedekind  finite)  if  there  is  no  one-to-one  map  from  X into  a 
proper  subset  of  X. 

• V- finite  if  X = 0 or  there  is  no  one-to-one  map  from  2 x X into  X. 

• Vl-finite  if  X is  empty,  if  it  is  a singleton,  or  if  there  is  no  one-to-one  map  from 
X X X into  X. 

• Vll-finite  if  X is  I-finite  or  it  is  not  well-orderable. 

Remarks  1.  1.  To  each  notion  of  finiteness  Q corresponds  a notion  of  infinity:  we 

will  say  that  a set  is  Q-infinite  if  it  is  not  Q-finite. 

2.  A set  X is  I-finite  if  and  only  if  there  is  a bijection  between  X and  an  ordinal 
n <ui.  This  one  is  the  commonly  accepted  definition  of  finiteness,  among  other 
reasons,  because  it  is  absolute  for  models  of  ZF.  Therefore,  whenever  we  use 
the  terms  finite  and  infinite  without  further  qualification,  we  mean  I-finite  and 
I-infinite,  respectively. 

3.  An  infinite  set  X which  is  la-finite  is  also  called  amorphous.  An  la-infinite  set 
is  also  called  partible. 

4.  A set  is  IV-infinite  if  and  only  if  it  contains  a well-orderable  infinite  subset. 
A set  X is  Ill-infinite  if  and  only  if  V(X)  is  IV-infinite. 

5.  Defining  cardinal  numbers,  as  well  as  operations  and  order  on  cardinal  numbers, 
without  AC  (see  Appendix  A;  also,  Jech  [Jec73]),  we  can  rewrite  some  of  the 
definitions  in  the  following  way: 

• X is  I-finite  iff  |X|  < Kq. 

• A is  Ill-finite  iff  2l^l  + 1 > 2l^l. 

• X is  IV-finite  iff  |A|  -f  1 > \X\  iff  |A|  ^ Kq. 

• X is  V-finite  iff  |A|  = 0 or  2 • |A^|  > |A^|. 
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• X is  Vl-finite  iff  |X|  = 0, 1 or  \X\‘^  > |-^|- 
The  proof  of  the  following  theorem  can  be  found  in  Levy  [Lev58]: 

Theorem  2 (Levy).  If  X is  Il-finite  and  linearly  orderable,  then  X is  I-finite.  □ 
Given  two  notions  of  infinity  Q and  Q',  we  use  the  abbreviation  Q — )•  Q'  instead 
of  the  formula  VX(A"  is  Q-finite  ^ X is  Q'-finite).  It  is  shown  in  Levy  [Lev58]  that 

I — ^ la  — ^ II  — ^ III  — ^ IV  — ^ V — — > VII, 

and  it  is  also  shown  that  none  of  these  implications  can  be  reversed  in  ZFA.  For 
ZF,  the  same  independence  results  were  established  by  Jech  and  Sochor  [Jec66];  also, 
Spisiak  and  Vojtas  [Spi88]  determined  what  combinations  of  sets  which  are  finite 
according  to  any  of  the  definitions  above  can  coexist  in  a model  of  ZF. 

Spisiak  and  Vojtas  [Spi88]  introduce  the  following  way  to  derive  new  definitions 
of  finiteness  from  old  ones. 

Definition  3.  Let  Q be  any  notion  of  finiteness.  We  say  that  a set  X is  Q” -finite  if 
V{X)  is  Q-finite. 

Remarks  2.  1.  If  Qi,  Q2  are  notions  of  finiteness  and  Qi  — )■  Q2,  then  Q"  — >■  Q'^. 

2.  IV"  is  equivalent  to  III. 

3.  Ill"  is  equivalent  to  I,  by  a result  of  Tarski  [Tar24]  which  states  that  for  each 
I-infinite  set  X,  V{V[X))  is  IV-infinite.  As  a consequence,  I",  la",  and  II"  are 
also  equivalent  to  I. 

4.  We  have  that  VII  — > VII":  If  X is  not  well  orderable,  then  V{X)  is  not  well 
orderable,  since  X can  be  mapped  one-to-one  into  V{X). 

5.  VII"  does  not  satisfy  (1)  of  Degen’s  criterion  for  a definition  of  finiteness.  In 
fact,  in  any  model  of  ZF  where  V{uj)  is  not  well  orderable  we  have  that  all  sets 
are  VII"-finite:  If  X is  not  well  orderable,  then  it  is  VII"-finite  (by  the  previous 
remark).  If  X is  I-infinite  and  well  orderable,  then  V{lo)  can  be  mapped  one-to- 
one  into  V{X),  and  consequently  V{X)  cannot  be  well  ordered.  Of  course,  this 
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makes  VII"  a rather  unreasonable  definition  for  finiteness,  but  it  still  satisfies 
the  formal  requirement  of  being  equivalent  to  I under  AC. 

Spisiak  and  Vojtas  [Spi88]  provide  a few  more  relations  that  can  be  easily  proved 
using  elementary  cardinal  arithmetic. 

Theorem  4 (Spisiak  and  Vojtas).  The  following  implications  are  provable  from 
ZF  or  ZFA: 

1.  Ill — ^ V 

2.  V IV 

3.  Vf  — ^ V. 

Proof  Let  X be  a set  and  let  a be  its  cardinal. 

For  1,  assume  that  X is  Ill-finite.  Then,  by  Remark  2.2,  X is  IV"-finite,  and  by 
Remark  2.1,  X is  V"-finite. 

For  2,  assume  that  X is  IV-infinite;  we  will  show  that  X is  also  V"-infinite.  We 
have  that  a + 1 = a,  and  therefore  2“+^  = 2“.  This  means  that  2“  is  idemmultiple, 
that  is,  that  2 • 2“  = 2“.  Therefore,  V{X)  is  V-infinite  and  X is  V"-inhnite. 

Finally,  for  3,  assume  that  V is  V-infinite.  That  means  that  2-a  = a;  consequently, 
2^  “ = 2“,  that  is,  (2“)^  = 2“.  In  other  words,  V{X)  is  idempotent,  that  is,  Vl-infinite, 
and  therefore  X is  VI"-infinite.  □ 

These  derived  notions  are  further  studied  by  Spisiak  [Spi93]  and  Howard  and 
Spisiak  [How94]. 

Another  group  of  notions  of  finiteness  was  introduced  by  Truss  [Tru74]  in  the  form 
of  classes  of  Dedekind  finite  cardinals. 

Definition  5.  Define  the  following  classes  of  cardinals; 

Ai  = {a  : a = b -I-  c — )■  b or  c is  finite} 

A2  = {|A|  : any  linearly  ordered  partition  of  X is  I-finite} 

A3  = {|A"|  : any  linearly  ordered  subset  of  X is  I-finite} 

A4  = {a  : -'(Kq  <*  Cl)}  (see  Appendix  A for  the  definition  of  <*) 
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As  = {a  : -(a+  1 <*  a)}. 

Remarks  3.  1.  We  will  use  the  symbols  A^,  for  i = 1, . . . , 5,  as  notions  of  finiteness; 

that  is,  we  will  say  that  a set  A"  is  Aj-finite  if  |A|  G A^. 

2.  Clearly,  A i -finiteness  is  equivalent  to  la-finiteness.  It  can  also  be  proved  that 
A2-finiteness  is  equivalent  to  Il-finiteness  and  that  A4-finiteness  is  equivalent 
to  Ill-finiteness. 

Truss  [Tru74]  proves  that  the  following  implications  can  be  proved  from  ZF  or 
ZFA: 

I ^ Ai  ^ A2  ^ A4  As  IV 

and 

A2  — 4 A3  — > IV. 

Also,  he  proves  that  none  of  these  implications  is  reversible. 

Howard  and  Yorke  [How89]  introduce  yet  another  notion: 

Definition  6.  A set  X is  D-finite  if  either  it  has  at  most  one  element,  or  A = 
Ai  U X2,  with  |Ai|,  IA2I  < |A|. 

A D-finite  set  with  more  than  one  element  is  called  decomposable.  They  prove 
that  IV  — > D — y VII,  and  that  D VI.  It  is  unclear  whether  V — ^ D or  not. 

In  the  same  paper  the  authors  introduce  the  following  principles:  If  Qi,  Q2 
are  notions  of  finiteness,  T'(Qi,  Q2)  stands  for  the  formula  VA(A  is  Qj-finite 
X is  Q2-finite).  Several  of  these  principles  are  (or  are  equivalent  to)  well  known 
weak  principles  of  choice  (see  Howard  and  Rubin  [How98],  Note  94).  In  particular, 
D(V,  VI),  D(VI,VH),  and  £'(1,  D)  are  equivalent  to  AC. 

We  summarize  the  relationships  between  the  various  notions  of  finiteness  in  Fig- 
ure I.I.  In  this  diagram  none  of  the  arrows  can  be  reversed,  and,  in  addition,  we 
have  VI"  IV,  IV  VI",  and  D -/->  VI.  The  relationship  between  A5  and  V" 
as  well  as  the  relationship  between  D and  V have  not  been  established,  while  the 
relationship  between  A3  and  HI  is  solved  by  the  following  theorem: 
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Theorem  7.  It  is  consistent  with  ZF  to  have  sets  X,  Y such  that  X is  III- finite  hut 
A^-infinite  while  Y is  A^- finite  but  Ill-infinite. 

The  proof  can  be  found  in  Section  1.5. 


la 

II 


VII" 

Figure  1.1:  Relations  Between  Notions  of  Finiteness 

1.3  Axioms  of  Choice  for  Finite  Families 
In  this  section  we  introduce  two  kinds  of  principles  of  choice,  stated  as  axioms  of 
choice  for  families  that  are  finite  according  to  one  of  the  notions  introduced  in  the 
previous  section. 
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Given  a family  X of  non-empty  sets  (that  is,  neither  0 nor  any  atom  is  a member 
of  A^),  a choice  function  is  a function  / : A"  — > (J  A"  such  that 

\/x  e X{f{x)  6 x). 

Definition  8.  Let  Q be  a notion  of  finiteness.  The  principle  C(Q)  is  the  sentence: 

VA  (A  is  a Q-finite  family  of  non-empty  sets  ->  A has  a choice  function) 

The  principle  C~(Q)  is  the  sentence: 

VA  (A^  is  a Q-finite  but  I-infinite  family  of  non-empty  sets  — >• 

3T  C A(y  is  I-infinite  and  has  a choice  function)). 

If  / is  a choice  function  for  an  infinite  family  Y contained  in  a set  A,  we  say  that  / 
is  a partial  choice  function  for  A. 

Remarks  f.  The  following  are  all  theorems  of  ZF  and  of  ZFA: 

1.  G(I)  is  true.  Also,  C'“(I)  is  vacuously  true  in  both  theories. 

2.  If  Q is  a notion  of  finiteness,  then  C{Q)  implies  C~(Q). 

3.  If  Qi,  Q2  are  notions  of  finiteness  and  Qi  — )•  Q2,  then  C(Q2)  implies  C(Qi) 
and  C^(Q2)  implies  C~(Qi). 

4.  The  principle  E(I,  Q)  implies  C(Q),  for  each  notion  of  finiteness  Q in  Figure  1.1. 
Lemma  9.  If  C{Q)  holds  and  V{X)  \ {0}  is  Q-finite,  then  X is  well  orderable. 

Proof.  Once  we  have  a choice  function  for  V{X)  \ {0},  it  is  enough  to  repeat  the 
usual  proof  of  the  fact  that  AC  implies  the  Well  Ordering  Principle.  □ 

Corollary  10.  C{VII)  is  equivalent  to  AC. 

Proof.  Clearly,  AC  implies  C'(VII).  Suppose  A is  a non-well-orderable  set.  Then 
V{X)  is  also  non-well-orderable,  and  by  Lemma  9 we  conclude  that  A is  actually 


well  orderable.  Contradiction. 


□ 
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Corollary  11.  If  Q is  one  of  the  notions  of  finiteness  in  Figure  1.1,  andC{Q)  holds, 
then  we  have  E{I,  Q"). 

Proof  Suppose  C{Q)  holds  and  that  X is  Q"-finite  but  I-infinite.  Since  V{X)  is 
Q-finite,  Lemma  9 guarantees  that  X is  well  orderable. 

Being  I-infinite  and  well  orderable,  X cannot  be  Vll-finite,  and  therefore,  it  is  not 
finite  according  to  any  of  the  other  definitions  in  Figure  1.1,  except  VII".  Therefore, 
the  only  case  when  this  can  happen  is  when  Q is  VII.  However,  the  assumption 
C'(VII)  is  equivalent  to  AC,  and  this  implies  £'(I,VII").  □ 

Next  we  prove  another  easy  result: 

Lemma  12.  C{Ia)  and  C~{Ia)  are  equivalent. 

Proof.  We  know  that  C'(Ia)  implies  To  prove  the  converse  implication,  as- 

sume that  X is  an  infinite  la-finite  family  of  non-empty  sets  and  that  (7“(Ia)  holds. 
Let  / be  a partial  choice  function  for  X,  with  domain  X'  C X\  since  X'  is  I-infinite, 
X \ A'  is  I-finite,  and  therefore  it  has  a choice  function  g.  Then  / U ^ is  a choice 
function  for  A^.  □ 

The  preceding  result  can  be  proved  from  both  ZF  and  ZFA.  However,  it  is  vacuously 
true  in  ZF,  as  the  next  two  results  show.  We  will  see  in  Section  1.4  that  it  is  not 
vacuously  true  in  ZFA,  since  we  will  show  that  Theorem  13  and  Corollary  14  cannot 
be  proved  in  ZFA. 

Theorem  13  (ZF).  Let  X be  an  infinite  set.  If  every  family  of  non-empty  sets 
indexed  by  X has  a partial  choice  function,  then  X is  partible  (that  is,  la-infinite). 

Proof.  For  the  sake  of  a contradiction,  suppose  that  X is  la-finite.  Since  every  subset 
of  X is  either  I-finite  or  the  complement  of  a I-finite  set,  when  a formula  holds  for 
infinitely  many  elements  of  X,  we  will  say  that  the  formula  is  true  “almost  every- 
where.” 
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Given  any  function  / with  infinite  domain  contained  in  X,  we  define  p(/)  as  the 
unique  ordinal  a such  that  {x  G : rank(/(a;))  = a}  is  infinite  (such  a is  unique 
because  any  well  ordered  partition  of  A"  has  exactly  one  infinite  part).  If  f,g  are 
functions  such  that  dom(c/)  C dom(/)  C A,  and  dom(p)  is  infinite,  we  will  write 
p -<  / if  for  all  X e dom(p),  g{x)  e f{x).  Clearly,  if  p -(  /,  then  p{g)  < p{f). 

Choose  an  /o  with  minimum  p such  that  range(/o)  is  infinite  (there  is  at  least  one 
such  function  with  infinite  range,  namely,  the  identity  function  on  A);  we  can  assume 
that  0 ^ range(/o).  Since  we  can  see  /o  as  a family  of  sets  indexed  by  A (by  taking  any 
undefined  values  of  /o  to  be  an  arbitrary  non-empty  set),  by  hypothesis  there  exists  a 
partial  choice  function  Pq-.Y  C range(/o)  ^ U(range(/o)).  Then  /lo  = Po  ° /o  has  an 
infinite  domain  contained  in  A,  and  we  have  that  /iq  /o-  Therefore,  p(/io)  < p(/o), 
and  consequently  ho  has  a finite  range.  Since  A is  la-finite,  that  means  that  ho  is 
constant  almost  everywhere. 

Let  A = {c  ; 3h  -<  /o,  h = c almost  everywhere},  and  define  fi{x)  = fo(x)  A K 
for  all  x G dom(/o).  If  /i  = 0 almost  everywhere,  then  /o  = A almost  everywhere, 
contradicting  the  fact  that  range(/o)  is  infinite.  Therefore,  /i  is  a family  of  non-empty 
sets  defined  almost  everywhere  on  A^.  Using  the  hypothesis  we  can  find  hi  -<  fi  just 
as  we  found  ho  above. 

Now,  for  all  c G A we  have  that  rank(c)  < p(/o).  Therefore  p(hi)  < p(/o),  since 
the  images  of  hi  are  either  in  A or  in  fo{x)  for  some  x G A.  Thus,  hi  has  finite 
range,  and  consequently  it  is  constant  almost  everywhere  with  value,  say,  Ci. 

We  arrive  to  a contradiction  as  follows:  Ci  G A if  and  only  if  ci  G fo{x)  for  almost 
all  a;  G A.  Therefore,  Ci  ^ fo{x)  A A = /i(x)  for  almost  all  x G A.  This  is  not 
possible,  since  hi  /i.  □ 

Corollary  14  (ZF).  C~{Ia)  is  equivalent  to  E{I,Ia). 

Proof.  As  we  have  already  seen,  if  A(I,Ia)  holds,  then  C~(Ia)  is  vacuously  true. 
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Suppose  that  (^“(la)  holds  and  that  X is  a I-infinite  la-finite  set.  By  Theorem  13, 
there  exists  a family  f : X V oi  non-empty  sets  indexed  by  X with  no  partial 
choice  function. 

If  / is  constant  almost  everywhere  with  value,  say,  c,  and  d E c,  then  the  function 
y,  constantly  equal  to  d and  with  domain  equal  to  /“^(c),  would  be  a partial  choice 
function  for  /.  Thus,  / cannot  be  constant  almost  everywhere,  and  therefore  it 
must  have  an  infinite  range.  But  then  range(/)  is  a la-finite  set,  since  any  partition 
of  range(/)  in  two  I-infinite  sets  induces  a partition  of  X in  two  I-infinite  sets.  The 
hypothesis  of  this  corollary  implies  that  the  set  range(/)  has  a partial  choice  function, 
which  means  that  the  family  / has  a partial  choice  function.  Contradiction.  □ 

The  next  result  shows  that  it  is  impossible  to  have  at  the  same  time  I-infinite, 
IV-finite  families  of  sets,  and  total  choice  for  all  of  them.  But  even  more,  since  the 
result  is  a theorem  of  ZFA  as  well  as  of  ZF,  starting  with  a I-infinite,  IV-finite  set  of 
atoms  leads  to  exactly  the  same  contradiction. 

Theorem  15.  C{IV)  implies  E {I,  IV). 

Proof.  Suppose  that  C(IV)  holds,  and  that  X is  a I-infinite,  IV-finite  set.  Consider 
the  set  Xf°°  of  all  finite  sequences  from  X that  do  not  repeat  elements. 

We  claim  that  Xf°°  is  also  IV-finite.^  Suppose  it  is  not;  then  there  exists  a 
countable  subset  : n < a>}  C Xf°°.  Clearly,  X'  = range(s„)  is  infinite, 
because  only  finitely  many  sequences  without  repetitions  can  be  taken  from  a finite 
set.  Now  we  define  a well  order  on  X':  If  a is  the  i-th  element  of  and  b is  the  j-th 
element  of  s^,  then  a 6 if  and  only  if 

1.  n < m,  and  b does  not  appear  in  Sk  for  any  k < n,  or 

2.  n = m,  i < j,  and  b does  not  appear  in  s*,  for  any  k < n. 


^ This  claim  appears  in  Jech  [Jec78]  as  an  exercise. 
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This  way,  X'  is  an  infinite  well  ordered  subset  of  X,  contradicting  the  assumption 
that  X is  IV-finite. 

Now,  since  is  IV-finite,  so  is  the  family 

F = {V5  = (A"  \ range(s))  x {s}  : s G 

because  the  map  s i->-  Xg  is  one-to-one.  Therefore,  by  hypothesis,  F has  a choice 
function  /. 

We  find  a contradiction  by  defining  a non-repeating  w-sequence  from  elements  of 
A",  thereby  showing  that  it  cannot  be  IV-finite.  Choose  an  initial  element  Xq  G V;  the 
rest  of  the  sequence  is  defined  by  recursion.  Assuming  that  (xq,  . . . ,Xk)  has  already 
been  defined,  we  define  Xk+i  by 

^k+l  — {f  {X(^xo,-,Xk)))  I ■ 


□ 

The  same  result  can  be  obtained  for  A3,  using  a similar  proof.  However,  the  first 
part  of  the  proof  is  slightly  more  laborious  in  this  case. 

Theorem  16.  CiA^)  implies  E {I,  A3). 

Proof.  Assume  that  C(A3)  holds,  and  suppose  that  A'  is  a I-infinite,  A3-finite  set. 

We  claim  that  defined  as  before,  is  Aa-finite.  Suppose  that  it  is  not,  and 

let  S be  an  infinite  subset  of  Xf°°  which  has  a linear  order,  say, 

Case  1.  There  exists  n e to  such  that  5„  = {s  G 5 : length(s)  = n}  is  I-infinite.  Then, 
let  So  be  a sequence  of  maximal  length  such  that  {s  : Sq"'s  G 5„}  is  infinite  (notice  that 
length(so)  < n).  Then  the  set  A'  = {x  G A : so"'(x)'^s  G for  some  s G A<°°} 
must  be  infinite,  and  for  each  x G A"',  the  set  of  completions  {s  G Xf°°  : so"'(x)'"s  G 
S'n}  must  be  finite.  We  can  define  now  a one-to-one  mapping  / from  A"'  into  S as 
follows:  for  each  x G X',  let  /(x)  be  the  -<-smallest  sequence  of  the  form  sq'^(x)"'s. 
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This  map  induces  a linear  order  on  the  infinite  subset  X'  of  X,  contradicting  the 
assumption  that  X is  As-finite. 

Case  2.  For  all  n G w,  S'n  = {s  G 5 : length(s)  = n}  is  I-finite.  In  this  case,  we 
can  choose  to  be  the  ^-smallest  element  from  for  each  n such  that  Sn  ^ 0. 
There  have  to  be  infinitely  many  values  of  n for  which  Sn  0,  because  S could  not 
be  infinite  otherwise.  Therefore,  {s„  : 7^  0}  is  an  infinite  subset  of  5,  and  it  is  well 

ordered.  As  we  saw  in  the  first  half  of  the  proof  of  Theorem  15,  this  means  that  A" 
is  IV-infinite,  contradicting  the  assumption  that  is  Aa-finite. 

Now,  since  Xf°°  is  Aa-finite,  the  family 

F = {A%  = (A  \ range(s))  x {s}  : s G A^J^°°} 

is  also  Aa-finite,  so  by  hypothesis  it  has  a choice  function  /.  We  can  then  repeat  the 
last  argument  of  the  proof  of  Theorem  15  to  conclude  that  X has  a countably  infinite 
subset  and  reach  a contradiction  with  the  assumption  that  X is  Aa-finite.  □ 

Some  of  the  implications  found  in  this  section  are  summarized  in  Figure  1.3 

1.4  Independence  Proofs:  Permutation  Models 

The  technique  of  using  what  are  now  called  permutation  models  to  obtain  inde- 
pendence results,  especially  for  AC  and  related  principles,  was  introduced  originally 
by  Fraenkel  in  1922,  and  later  developed  by  Mostowski.  The  main  limitation  of  the 
technique  is  that  it  provides  independence  results  only  for  theories  weaker  than  ZF, 
like  ZF  minus  the  axiom  of  foundation  or  ZFA.  However,  it  still  provides  useful  in- 
dependence results  in  ZF  when  combined  with  the  transfer  theorems  of  Jech-Sochor 
and  Pincus. 

To  create  a permutation  model  we  start  with  a model  M of  ZFA  -P  AC+the 
set  A of  atoms  is  I-infinite]  the  consistency  of  this  theory  can  be  proved  from  the 
assumption  that  ZF  is  consistent.  Such  a model  has  many  G-automorphisms,  one  for 
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AC  C(VII) ^ C-(VII) 


i 1 

C(Ia)  C-(Ia)  ^(I,  la) 

Figure  1.2:  Some  implications  between  principles 


each  permutation  of  the  set  A.  Roughly  speaking,  the  permutation  model  will  be 
the  class  containing  all  the  objects  (sets  or  atoms)  which  have  a “large”  subgroup  of 
symmetries  (automorphisms  that  leave  the  object  invariant),  inside  of  a prescribed 
basic  group  Q of  symmetries. 

The  Definition  of  Permutation  Models 

Given  a model  A4  of  ZFA+AC+t/ie  set  A of  atoms  is  I-infinite,  and  a permutation 
7T  of  the  A,  we  can  extend  tt  to  an  G-automorphism  of  Ad,  by  recursion  on  the  well 
founded  relation  G,  in  the  following  way: 

1.  If  a G A,  the  extension  agrees  with  the  permutation. 
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2.  7T0  = 0. 

3.  If  Try  is  defined  for  all  y e x,  we  define  ttx  — ir'^x. 

Given  a group  Q of  permutations  of  A and  an  object  (atom  or  set)  a;  in  we 
define  the  following  subgroup  of  Q: 

symg{x)  = {tt  e Q : Ttx  = x}, 

and  if  X is  a set,  we  define: 

fixg(x)  = {tt  e Q : Try  = y,  for  all  y G x}. 

When  it  is  clear  from  the  context  what  group  Q are  we  using,  we  will  drop  the 
subscript. 

A normal  filter  A on  ^ is  a filter  in  the  lattice  of  subgroups  of  Q which  is  closed 
under  conjugation;  that  is,  for  all  tt  G for  all  H e IF,  G T. 

A permutation  submodel  fif  oi  M (or  simply  a permutation  model)  is  determined 
by  a group  Q of  permutations  of  A and  a normal  filter  T on  Q.  If  Q,  T are  fixed,  an 
object  X G Ad  is  said  to  be  symmetric  if  sym(x)  G F.  Then  the  class  fif  is  formed  by 
all  the  hereditarily  symmetric  objects;  that  is, 

J\f  = {x  : sym(x)  G T and  for  all  y G x,  y G A/"}. 

Clearly,  A e M,  and  every  pure  set  (that  is,  a set  with  no  atoms  in  its  transitive 
closure)  is  also  in  fif.  The  proof  of  the  following  fundamental  theorem  can  be  found 
in  Jech  [Jec73]. 

Theorem  17.  M , defined  as  above,  is  a model  of  ZFA.  □. 

In  most  cases,  the  filter  F is  obtained  from  a normal  ideal  on  A,  which  is  an 
ideal  of  subsets  of  A which  contains  all  the  singletons  and  is  closed  under  images  by 
elements  of  Q.  If  / is  such  an  ideal,  then  we  obtain  a normal  filter  A on  ^ by 


F = {H  < Q : H D fix{E),  for  some  E G /}. 
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It  is  easy  to  see  that  T is  indeed  a normal  filter.  In  this  case,  x is  symmetric  with 
respect  to  T if  and  only  if  there  exists  £'  6 / such  that  ^x(E)  C sym(a:);  such  an  E 
is  called  a support  for  x.  We  refer  to  / as  the  ideal  of  supports  for  J\f. 

We  will  now  describe  five  permutation  models,  and  describe  some  of  their  prop- 
erties. Although  these  are  models  of  ZFA,  we  will  use  them  later  to  establish  some 
results  in  ZF. 

The  Basic  Fraenkel  Model  (BFM) 

The  first  permutation  model  we  introduce  is  the  one  usually  called  Basic  Fraenkel 
Model.  It  is  constructed  from  a model  of  ZFA  -I-  AC  where  the  set  A of  atoms  is 
countably  infinite,  by  taking  the  group  Q of  all  permutations  of  A,  and  using  the 
ideal  of  finite  subsets  of  A as  the  ideal  of  supports.  In  BFM,  A is  an  amorphous  set. 

It  is  established  by  Spisiak  and  Vojtas  [Spi88]  and  Spisiak  [Spi93]  that  for  most 
pairs  Q,  Q!  of  different  notions  of  finiteness  from  diagram  1.1,  there  is  a set  in  BFM 
that  is  finite  according  to  one  of  the  two  notions,  but  not  according  to  the  other.  The 
only  possible  exception  is  the  pair  II,  III;  the  question  of  whether  these  two  notions 
are  equivalent  in  BFM  is  listed  as  open  in  Spisiak  [Spi93].  In  this  section  we  will 
establish  two  results  about  principles  from  Section  1.3  which  hold  in  BFM.  First,  we 
need  some  lemmas. 

Lemma  18.  The  model  BFM  has  the  following  property:  If  E supports  x,  and  7r,7r' 
are  permutations  of  A such  that  ir  \ E — tv'  \ E,  then  ttx  = tt'x. 

Proof.  It  is  clear  that  7t“^  o tt'  6 fix(F;),  so  7t“^  o tt'x  = x.  That  means  that  tt'x  = 

■KX.  □ 

Lemma  19.  The  model  BFM  has  the  following  property:  Suppose  that  n is  a permu- 
tation of  A such  that  nx  = x for  some  object  x,  and  suppose  that  a is  an  atom  such 
that  there  exists  a support  E'  of  x that  does  not  contain  either  ira  or  7r“^a.  Then 
there  exists  a support  E C E'  of  x that  does  not  contain  a. 
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Proof.  If  7ra  = a,  the  result  is  clear.  Assume  that  na  = b ^ a,  and  suppose  that  every 
support  of  X contains  a.  Let  E U {o}  be  a support  for  x such  that  b,7r~^a  ^ E;  we 
will  show  that  E is  also  a support  for  x. 

Let  a G fix(£^),  and  let  c = aa.  We  want  to  show  that  ax  = x,  and  by  Lemma  18, 
it  is  enough  to  show  that  the  transposition  (o,  c)  satisfies  (a,  c)x  = x,  since  (a,  c)  \ 
{EU{a})^a  t (^U{a}). 

If  c = a,  then  ax  = x.  Suppose  then  that  c ^ E,  so  the  transposition  (b,  c)  is  in 
fix(£').  Define  the  permutation  tt'  as  follows:  for  all  d e A, 


b,  if  d = a; 


a,  if  d = b; 


ir'd  = 


e, 


d, 


if  d G and  rrd  G E] 

if  d = TT^e,  eeE,d^E,e^ne'  for  any  e'  G E, 
and  7T*e  G E for  all  i < k; 
otherwise. 


Then  tt'  satisfies  tt'  \ {E  U {a})  = tt  \ {E  U {a}),  and  therefore,  by  Lemma  18, 
tt'x  = ttx  = X.  We  have  then  that 


{tt')  ^ o (6,  c)  o tt'x  = X, 

and  it  is  easy  to  check  that  o (6,  c)  o tt'  = (a,  c),  as  long  as  c ^ {tt')  “E". 

If  c G {tt')“E,  we  choose  c'  in  A \ (jE  U {a}  U {tt')“E).  Just  as  before,  {tt')~'^  o 
{b,c')  ott'  X = X,  and  o (6,  c)  o tt'  = (a,  c').  Since  (c,  c')  G fix(T;  U {a}),  we  have 

that 

(a,  c)x  = (c,  c')  {a,  c')  (c,  c')x  = x. 

This  finishes  the  proof.  □ 

Theorem  20.  C~{VII)  holds  in  BFM. 


22 


Proof.  Let  A"  be  a non-well-orderable  (that  is,  Vll-finite  but  I-infinite)  family  of  non- 
empty sets;  we  want  to  prove  that  there  exists  a I-infinite  subset  X'  C with  a 
choice  function. 

Let  £■  be  a support  for  A.  If  every  element  x e X were  also  supported  by  E, 
E would  be  also  a support  for  a bijection  between  X and  an  ordinal,  which  is  not 
possible.  Take  then  Xq  such  that  it  is  not  supported  by  E,  and  let  Eq  be  a support 
for  xo  of  minimum  size  such  that  E C Eq. 

Since  xq  / 0,  we  can  choose  an  element  yo  G and  let  Ei  be  a support  for 
such  that  Eq  C Ex.  Pick  uq  € E'o  \ E,  and  call  £'2  = E'l  \ {oq}.  Define 

/ = {7r((xo,yo))  : 7T  G hx(£2)}. 

Claim.  / is  a function.  Indeed,  if  ttxq  = tt'xq  but  nyo  n'yo,  that  means  that 
TTUo  7^  Tr'ao,  and  then  tt'^ott'xo  = Xq,  but  7r~^o7r'ao  7^  cq.  Since  G fix(£o\  W), 

we  have  that  neither  7r“^o7r'ao  nor  (7r“^o7r')~^ao  are  members  of  £o\{ao}.  Therefore, 
we  can  apply  Lemma  1.4  to  conclude  that  there  is  a support  for  xq  contained  in 
^0  \ {gq};  this  contradicts  the  choice  of  Eq  as  a support  for  Xq  of  minimum  size. 

Claim.  dom(/)  C A,  and  it  is  I-infinite.  In  fact,  for  all  tt  G fix(£2),  we  have  that 
TTXo  G 7tA  = X.  Also,  for  every  b,  b'  ^ E2,  b ^ b',  the  elements  (gq,  b)xo  and  (gq,  b')xo 
must  be  different:  Suppose  they  are  not,  and  take  tt  = (ao,b'){ao,b).  We  have  that 
TTXo  = Xo,  while  ttgq  = b and  tt'^gq  = 6';  then,  using  Lemma  1.4,  we  can  find  a 
support  for  xq  contained  in  Eq  \ {gq},  and  again  this  is  a contradiction. 

Finally, 

Claim.  / is  a choice  function  for  its  domain.  Clearly,  for  all  tt  G hx(£2),  Tryo  e ttxq. 

□ 

This  result  shows  that  Corollary  14  cannot  be  proved  in  ZFA.  Also,  it  is  easy  to 
check  that  Theorem  13  fails  in  BFM,  and  therefore  is  not  provable  in  ZFA:  We  have 
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that  every  family  of  non-empty  sets  {xq  : o G A}  indexed  by  A is  either  I-finite  or 
amorphous;  in  the  second  case,  by  Theorem  20,  {Xa  : a E A}  has  a partial  choice 
function.  However,  A is  amorphous  in  BFM. 

Another  consequence  of  Theorem  20  is  that  (^“(VII)  does  not  imply  C'(IV)  in 
ZFA,  since  C(IV)  does  not  hold  in  BFM:  if  it  did  hold,  then,  by  Theorem  15,  we 
would  have  £'(1,  IV)  in  BFM,  which  is  not  true  because  A is  I-infinite  la-finite  set. 
Similarly,  using  Theorem  16,  we  conclude  that  C“(VII)  does  not  imply  C(A3)  in 
ZFA.  It  is  not  known  whether  (^“(VII)  implies  C(III)  or  £(11)  (in  ZFA  or  ZF). 

We  will  briefiy  describe  now  the  last  four  permutation  models.  All  the  properties 
listed  here  are  well  known,  and  they  establish  the  non-equivalence  of  several  notions 
of  finiteness.  However,  the  main  reason  for  including  these  models  here  is  that  they 
will  be  used  in  Section  1.6  to  obtain  independence  proofs  for  several  principles  of  the 
form  C{Q)  and  C~{Q). 

The  Second  Fraenkel  Model  (SFM) 

To  construct  the  Second  Fraenkel  Model  we  start  with  a model  of  ZFA  with  a 
countable  set  of  atoms.  In  order  to  describe  the  group  Q,  we  organize  the  set  of  atoms 
in  countably  many  pairs: 

^ ^n}  • 

n£ui 

We  take  Q to  be  the  group  of  all  permutations  of  A that  leave  invariant  each  pair 
{o-n,  bn},  for  n E u,  and  we  take  the  ideal  of  finite  subsets  of  A as  our  normal  ideal  /. 

The  following  two  results  can  be  found  in  Truss  [Tru74]: 

Lemma  21  (Truss).  In  SFM,  A is  an  infinite  A^-finite  set.  □ 

Lemma  22  (Truss).  SFM  satisfies  E{1, 1 1 1).  □ 

Consequently,  it  cannot  be  proved  in  ZFA  that  every  As-finite  set  is  Hl-finite. 
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A Modification  of  the  Basic  Fraenkel  Model 

We  call  BFM(Ki)  a model  constructed  in  a similar  way  to  BFM,  but  where  \A\  = 
in  A4.  Again,  we  take  the  group  Q to  be  the  group  of  all  the  permutations  of  A, 
but  in  this  case  we  take  I to  be  the  ideal  of  the  (at  most)  countable  subsets  of  A. 

The  following  results  are  well  known  in  the  literature.  They  can  be  found,  for 
example,  in  [Spi93]: 

Lemma  23.  In  BFMCii.1),  A is  an  infinite  V-finite  set.  □ 

Lemma  24.  The  Countable  Axiom  of  Choice  holds  in  □ 

Corollary  25.  The  principle  E{fiIV)  holds  in  5FM(Ni).  □ 

Therefore,  it  cannot  be  proved  in  ZFA  that  every  V-finite  set  is  IV-finite. 

Mostowski’s  Ordered  Model  (MOM) 

To  construct  this  model,  we  start  with  a model  of  ZFA  with  a countable  set  A 
atoms,  ordered  in  the  order  type  of  the  set  of  rational  numbers.  We  choose  Q to  be 
the  group  of  all  order  preserving  permutations  of  A,  and  I to  be  the  ideal  of  finite 
subsets  of  A. 

Theorem  26  (Mostowski).  In  MOM,  every  set  can  be  linearly  ordered.  □ 

A proof  of  the  previous  theorem  can  be  found  in  Jech  [Jec73].  Now,  by  Theorem  2, 
we  obtain  the  following  lemma; 

Lemma  27.  The  principle  E{I,  II)  holds  in  MOM.  □ 

In  Levy  [Lev58],  the  following  is  also  proved: 

Lemma  28.  The  set  A is  III- finite  in  MOM.  □ 

Consequently,  it  cannot  be  proved  in  ZFA  that  every  Ill-finite  set  is  Il-finite. 

The  Mathias-Pincus  Model  I (MPM-I) 

To  construct  our  last  permutation  model,  we  start  with  a model  of  ZFA  where  A 
is  countable  and  there  is  a partial  order  on  A which  is  a universal  homogeneous 
partial  order,  that  is,  the  following  two  conditions  hold: 
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1.  Every  finite  partially  ordered  set  can  be  embedded  in  {A,  A). 

2.  For  every  two  finite  sets  E,E'  C A such  that  there  is  an  isomorphism  (j)  between 
{E,  :<)  and  {E',  ^),  there  exists  an  automorphism  of  {A,  :<)  that  extends  (j). 

A proof  of  the  existence  of  a countable  homogeneous  partial  order  can  be  found  in 
Jech  [Jec73],  although  it  also  follows  from  more  general  results. 

The  group  Q is  taken  to  be  the  group  of  all  automorphisms  of  the  structure  (A,  <), 
and  we  take  I to  be  the  ideal  of  finite  subsets  of  A.  The  following  two  properties  are 
listed  in  Howard  and  Rubin  [How98]: 

Lemma  29.  The  set  A is  an  infinite  Il-finite  set.  □ 

Lemma  30.  There  are  no  amorphous  sets  in  MPM-I;  that  is,  MPM-I  satisfies  the 
principle  E {I,  la).  □ 

This  way,  it  cannot  be  proved  in  ZFA  that  every  Il-finite  set  is  la-finite. 

1.5  A ZF  Model 

In  this  section  we  use  Cohen’s  original  model  to  obtain  some  independence  results. 

First,  we  will  quickly  review  the  basic  concepts  of  symmetric  submodels  of  generic 
extensions,  also  called  symmetric  extensions  or  symmetric  models,  since  this  tool  will 
be  used  both  in  this  section  and  the  next  one. 

It  seems  plausible  that  every  consistency  result  obtained  using  symmetric  ex- 
tensions can  also  be  obtained  using  models  of  the  form  HOD^[*^](A),  (the  class  of 
hereditarily  ordinal  definable  sets  in  M[G]  with  parameters  from  A),  where  M[G]  is 
a generic  extension  of  the  ground  model  M and  A is  a set  or  a class  in  M[G\,  indeed, 
we  will  use  this  kind  of  model  in  Chapter  2.  The  advantage  of  using  HOD  models 
is  that  one  can  explicitly  decide  which  objects  from  M[G]  must  be  in  the  submodel, 
while  symmetric  extensions  must  be  designed  in  such  a way  that  the  desired  objects 
remain  in  the  submodel;  in  other  words,  HOD  models  are  constructed  by  adding  the 
desired  objects,  while  symmetric  models  are  designed  by  subtracting  the  undesired 
objects  and  then  proving  that  the  desired  objects  are  still  there.  However,  there  is 
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much  more  work  done  using  symmetric  extensions,  especially  when  dealing  with  weak 
principles  of  choice,  and  there  is  no  point  in  rewriting  much  of  the  theory,  when  many 
results  can  be  quoted  from  well  known  sources  like  Jech  [Jec73]. 

The  Definition  of  Symmetric  Models 

Let  be  a model  of  ZFC,  let  5 be  a complete  Boolean  algebra  in  M,  and  let 
be  the  corresponding  Boolean-valued  model,  that  is,  the  class  of  names.  If  tt  is 
an  automorphism  of  B,  we  can  extend  tt  to  Ad®  as  follows,  by  recursion  on  the  well 
founded  relation  x ^ y iff  x E dom(y): 

1.  7T0  = 0. 

2.  If  7t(x)  has  been  defined  for  all  x E dom(?/),  we  define  dom(Try)  = 7r“dom(r/), 
and  (7ry)(7ra:)  = Tr{y{x))  for  all  nx  E dom(Try). 

This  extension,  which  we  have  called  also  tt,  is  a one-to-one  function  from  Ad®  into 
Ad®.  If  X is  the  canonical  name  for  a set  x G Ad,  then  nx  = x,  for  all  automorphisms 
TT  of  B. 

Let  ^ be  a group  of  automorphisms  of  B.  For  each  x E Ad®,  let 

symg(x)  = {tt  eG  : tt{x)  = x}. 

Clearly,  symg;(x)  is  a subgroup  of  G-  A set  T of  subgroups  of  G is  called  a normal 
filter  on  ^ if  A"  is  a filter  in  the  lattice  of  subgroups  of  G,  and  for  all  Lf  G A and  all 
TT  E G,  ttHtt~^  E a. 

Let  G and  a normal  filter  A on  ^ be  fixed.  We  say  that  a name  x E Ad® 
is  symmetric  if  sym(x)  G A.  The  class  HS  of  all  hereditarily  symmetric  names  is 
defined  by  recursion: 

1.  0 G HS. 

2.  If  dom(x)  C HS  and  x is  symmetric,  then  x E HS. 

It  is  clear  that  HS  contains  all  the  canonical  names  of  elements  of  Ad. 
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Now  let  G be  an  A4-generic  ultrafilter  on  B,  and  let  ig  be  the  interpretation 
function  o{  by  G.  Then  we  define 

M = {ig{x)  : X G HS}. 

It  is  easy  to  see  that  Ai  C N"  C Ad[G'].  The  proof  of  the  following  fundamental 
theorem  can  be  found  in  Jech  [Jec73]. 

Theorem  31.  The  class  M , constructed  as  above,  is  a model  of  ZF.  □ 

We  call  M a symmetric  extension  of  Ad,  or  a symmetric  model. 

The  Basic  Cohen  Model 

We  construct  the  model  of  ZF  known  as  the  Basic  Cohen  Model  (BCM)  or  Cohen- 
Halpern-Levy  Model,  as  a symmetric  model. 

Let  Ad  be  a model  of  ZFC,  and  consider  the  following  forcing  notion: 

P = {p  : p is  a finite  function,  dom(p)  C u x u,  and  range(p)  C {0, 1}}, 

with  the  partial  order  given  by  reverse  inclusion.  Let  B be  the  complete  Boolean 
algebra  RO(P)  of  regular  open  sets  in  P with  the  partial  order  topology. 

Let  G be  a generic  ultrafilter  on  B.  For  each  n G w,  let 

Xn  = {m  e u!  : there  exists  p G G such  that  p(n,  m)  = 1} 

and  let  A = : n G u)}.  The  sets  Xn,  n E lo  have  canonical  names  x^  defined  such 

that  for  all  m E u>,  Xn{fh)  = sup^{p  G P : p{n,m)  = 1}. 

Now,  let  7T  be  any  permutation  of  u.  We  can  extend  tt  to  an  order  preserving 
bijection  from  (P,  <)  onto  itself  as  follows: 

dom(Trp)  = {(ym,  m)  : (n,  m)  G dom(p)} 

and 


(7rp)(7rn,  m)  =p(n,m). 
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In  turn,  this  tt  induces  an  automorphism  of  B by 

7TU  = sup{7rp  : p < u}. 

Take  Q to  be  the  group  of  all  automorphisms  of  B which  are  induced  by  permuta- 
tions of  id  as  described  above,  and  take  T to  be  the  filter  of  subgroups  of  Q generated 
by  the  set  {fix(e)  ; e is  a finite  subset  of  ui},  where 

fix(e)  = {tt  G ^ : 7rn  = n for  all  n e e}. 

It  is  easy  to  check  that  ^ is  a normal  filter  on  Q.  Let  J\f  be  the  symmetric  extension 
of  M obtained  using  Q and  T.  This  is  the  model  we  call  BCM. 

The  following  lemma  is  a well  known  result: 

Lemma  32.  The  set  A E Af  is  Dedekind-finite.  □ 

Some  Properties  of  BCM 

The  model  BCM  has  been  well  studied,  and  there  are  many  consequences  of  AC 
that  have  been  proved  to  hold  in  it.  One  of  them  (that  can  actually  be  derived  from 
the  Boolean  Prime  Ideal  Theorem,  which  holds  in  BCM),  is  the  following: 

Theorem  33.  The  Linear  Order  Principle  (that  states  that  every  set  can  be  linearly 
ordered)  holds  in  BCM.  □ 

We  will  sketch  here  part  of  the  development  of  the  proof  of  the  previous  theorem 
(the  full  proof  can  be  found  in  Jech  [Jec73]),  since  we  will  use  this  machinery  to  prove 
our  main  result  about  BCM. 

We  say  that  e C tu  is  a support  for  a name  x if  fix(e)  C sym(i;).  It  is  not  too 
difficult  to  check  that  the  intersection  of  two  supports  for  a name  is  also  a support 
for  that  name;  therefore,  for  each  name  x there  exists  a least  support  s(i).  Notice 
that  if  7T  ( s{x)  = p \ s{x),  then  7r(i:)  = p{x),  since  E fix(s(i;)). 
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An  assignment  t is  a one-to-one  function  whose  domain  is  a finite  subset  of  uj  and 
whose  values  are  elements  of  A.  Let  t be  an  assignment, 

t{ni)  = Xi^,. . . ,t{nh)  =Xi^, 

and  let  x E HS  be  such  that  {ni, . . . , n^}  D s(x).  Then,  if  tt  is  any  permutation  such 
that 

7r(ni)  = ii,.. . ,7r(nfc)  = ik, 

then  7t(x)  is  unique  regardless  of  the  behavior  of  tt  outside  of  {ni,...,nfc}  (see  the 
last  comment  in  the  previous  paragraph).  Define  then 

F(t,  x)  = Zg(7Tx). 

The  following  lemma  is  proved  in  Jech  [Jec73]: 

Lemma  34.  The  function  F is  in  Af.  □ 

Notice  that  whenever  t is  an  assignment  and  x is  a name  such  that  |f|  > |s(x)|, 
then  there  is  y G HS  such  that  ioii)  = F{t,y)\  actually,  this  name  ij  is  just  irx  for 
some  Ti  E Q. 

Lemma  35.  If  t is  an  assignment  and  z E x = F{t,y),  then  there  exist  an  assign- 
ment t'  D t and  a name  z E dom(y)  such  that  z = F{t',  z). 

Proof  Let  tt  be  a permutation  of  co  such  that 

^(^l)  ^7r{m))  • • • ) — ^’K{nk)' 

Since  x = ic{7^y),  there  exists  z'  E dom(Try)  such  that  ^ = iG{.z').  Taking  T so  that 
it  contains  f,  agrees  with  tt,  and  its  domain  contains  a support  of  i = 7r“^i',  we  have 
that  Fit! ^ z)  = z.  □ 

Now  we  can  prove  the  main  property  of  BCM  for  us  in  this  section: 

Theorem  36.  C~{VIT)  holds  in  BCM. 
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Proof.  Let  .Y  be  a non-well-orderable  set,  and  let  Y be  a name  for  X.  We  want  to 
show  that  there  is  an  infinite  subset  of  with  a choice  function. 

For  each  x e X,  there  is  some  ij  e dom(Y)  and  an  assignment  t such  that  x = 
F{t,  y).  If  for  all  names  y G dom(Y)  the  set  {x  € X : there  exists  t such  that  x = F{t,  y)} 
is  finite,  then  we  can  use  the  fact  that  BCM  satisfies  the  Linear  Ordering  Principle, 
and  the  fact  that  dom(Y)  is  well  orderable,  since  it  is  in  the  ground  model,  to  find  a 
well  order  for  A". 

So,  there  exists  at  least  one  name  yo  such  that 

{x  ^ X : there  exists  t such  that  x = F{t,yo)} 

is  infinite.  Using  Lemma  35,  choose  i e dom(^o),  and  assignments  of  minimum 
size  such  that 

1.  dom(to)  = s{yo), 

2-  F{to,  yo)  £ A, 

3.  to  C U,  and 

4.  F{ti,  z)  G F{to,  yo)- 

Consider  the  set  T of  assignments  given  by 

T = {t\  dom(t)  = dom(U),  t D U \ to,  F{t,  yo)  E X}. 

Then  we  claim  that  g = {{F{t,yo),  F{t,  z))  : t G T}  is  a choice  function  with  infinite 
domain  contained  in  A". 

Indeed,  y is  a function,  since  if  F{t,yo)  — F{t',yo),  that  is, 

^G(Tryo)  = *G(7r'yo), 

where  tt  agrees  with  t and  tt'  agrees  with  t' , then  the  names  nyo  and  Fyo  have  the 
same  minimum  support.  Consequently,  t \ dom(to)  = t'  t dom(to),  and  that  implies 
that  t \ dom(U)  = t'  \ dom(U).  Therefore,  F{t,z)  = F{t',z). 
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Also,  dom(^)  is  infinite,  by  our  choice  of  y^.  Finally,  for  all  adequate  t, 
F{t,  z)  = ioiT^z)  e iaiT^yo)  = F{t,  yo). 


□ 

In  Lemma  32  we  saw  that  there  exists  an  infinite  IV-finite  set  in  BCM.  Therefore, 
by  Theorem  15,  we  conclude  that  C(IV)  is  false  in  BCM.  This  proves  the  following 
result: 

Theorem  37.  In  ZF  it  cannot  be  proved  that  C~{VII)  implies  C{IV).  □ 

Another  conclusion  is  obtained  using  the  following  well  known  result: 

Lemma  38.  E{I,  III)  holds  in  BCM.  □ 

Since  £'(1,111)  implies  (7(111),  we  get: 

Corollary  39.  In  ZF  it  cannot  be  proved  that  C{IIT)  implies  C{IV).  □ 

1.6  The  Embedding  Theorem 

In  this  section  we  use  Jech  and  Sochor’s  embedding  theorem  in  an  unorthodox 
way  to  obtain  several  results. 

Given  a set  X,  we  define  V°‘{X)  for  every  ordinal  a by  recursion: 

1.  V^{X)  = X, 

2.  V'+^X)  =V{V‘'{X)),  and 

3.  = 

Now  we  state  the  embedding  theorem: 

Theorem  40  (Jech-Sochor).  Let  U be  a model  of  ZFA  + AC,  let  A be  the  set  of 
atoms  ofU,  let  M be  the  kernel  (the  class  of  pure  sets)  ofU,  and  let  a be  an  ordinal 
in  U.  Then,  for  every  permutation  model  V C U (a  model  of  ZFA),  there  exists  a 
symmetric  extension  M D M (a  model  of  ZF)  and  a set  A E M such  that 

[V°‘{A))^  is  E-isomorphic  to  ('P“(A))'^. 
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For  a full  proof,  refer  to  Jech  [Jec73].  Here  we  will  describe  the  construction  given 
there,  and  prove  a property  that  is  key  for  our  purposes. 

The  Construction 

The  idea  behind  the  construction  is  the  following:  using  forcing,  we  will  add  to 
the  kernel  M (which  is  a model  of  ZFC)  one  generic  set  a of  subsets  of  an  ordinal  k 
for  each  a G A;  the  set  H = {a  : a G H}  plays  the  role  of  the  set  of  atoms. 

The  reason  why  we  use  sets  of  sets  of  ordinals  instead  of  simply  using  sets  of 
ordinals,  is  that  sets  of  ordinals  have  non-trivial  relations  between  them;  for  example, 
the  set  of  subsets  of  an  ordinal  is  linearly  ordered.  For  the  same  reason,  there  should 
be  no  choice  function  for  the  set  A,  otherwise  the  structure  from  the  sets  of  ordinals 
would  be  lifted  up  to  the  elements  of  A.  Also,  we  must  make  sure  that  the  objects 
that  we  use  to  represent  the  atoms  will  not  appear  again  in  for  that  reason 

we  take  k large  enough  so  that  the  sets  a do  not  appear  in  the  first  a levels. 

Let  a be  an  ordinal  in  U,  let  Q,J^  E U he  a group  of  permutations  of  the  set  A 
of  all  atoms  of  U and  a normal  filter  on  Q,  respectively.  Let  V be  the  permutation 
model  determined  by  Q,T,  and  let  M be  the  kernel  of  U.  We  will  first  construct  a 
generic  extension  Ai[G]. 

Let  K be  a regular  cardinal  such  that  k > |T*"(A)|  (in  U).  The  set  P of  forcing 
conditions  consists  of  functions  p with  values  in  {0, 1}  such  that  | dom(p)|  < k and 
dom(p)  C (A  X k)  X K,  ordered  by  reverse  inclusion. 

Let  G be  an  Ad-generic  ultrafilter  on  B = jRO(P).  We  define  the  following  ele- 
ments of  A4[G],  together  with  their  canonical  names: 

1.  Xa^  C K,  T]  E Xa^  iff  there  exists  p E G such  that  p{a,  ^,rj)  = 1,  for  a E A,  ^ < k. 

2.  dom(xa^)  = {fj-.r)  < k},  Xa^{p)  = sup{p  G P : p{a,  p)  = 1}. 

3.  a = ^ < K,},  for  each  a G A. 

4.  d(xa^)  = 1,  for  all  ^ < k. 

5.  A = {a  : a G A}. 
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6.  A{a)  = 1 for  all  a E A. 

For  every  x E U we  define  x E M[G]  and  its  canonical  name  x by  G-recursion.  If  x 
is  a set  in  U and  y,  y have  been  defined  for  every  y E x,  we  define 

x = {y  :y  Ex} 


and 

dom(£)  = {y  : y E x},  x{y)  = 1,  for  all  y G x 

We  construct  now  a symmetric  submodel  Af  of  M[G].  For  that  we  need  to  define 
a group  Q'  of  automorphisms  of  B as  well  as  a normal  filter  on  Q'. 

For  every  permutation  p of  A,  let  [p]  be  the  set  of  all  permutations  n of  A x k 
such  that  for  all  a, 

0 = for  some  C- 

We  define  then 

S'  = LKW  ■ p e 6'}^ 

Similarly,  we  define  H'  = lj{[p]  : p E H}  for  every  subgroup  H of  Q. 

We  extend  the  permutations  of  A x k to  automorphisms  of  P by  defining,  for 
each  p G P,  (7rp)(7r(a,  0,  p)  = p{a,^,v)  for  all  (a,  G dom(p).  Then  tt  can  be 
easily  extended  to  the  Boolean  algebra  B.  This  way  we  can  consider  Q'  as  a group  of 
automorphisms  of  B. 

The  normal  filter  T'  is  obtained  as  the  filter  generated  by  the  set  of  subgroups 

{H'  : H E J-}  U {fix(e)  : e C A x k,  e finite}. 

Let  Af  be  the  symmetric  model  determined  by  Q'  and  B'.  This  is  the  model  that 
satisfies  the  conditions  in  the  statement  of  Theorem  40. 
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A Key  Lemma  and  Some  Results 

The  following  lemma  establishes  that  an  expected  property  of  the  set  A does 
indeed  hold. 

Lemma  41.  Let  M be  the  Jech-Sochor  transfer  of  a permutation  model  V,  as  defined 
in  the  previous  section,  with  A being  the  set  in  correspondence  with  the  set  A of  atoms 
in  V.  Then  there  is  no  infinite  subset  of  A with  a choice  function. 

Proof  Suppose  that  / is  a choice  function  for  some  infinite  subset  of  A.  Let  / be  a 
name  for  / and  let  p be  a condition  that  forces: 

1.  / is  a function, 

2.  dom(/)  C A is  infinite, 

3.  f{x)  G X for  all  x G dom(/). 

Let  also  e C A x k be  a finite  set  such  that  fix(e)  C sym(/). 

Since  p forces  that  dom(/)  is  infinite,  then  p forces  that  there  exists  a G A such 
that  a ^ e.  Take  q < p,  a e A,  and  Xa^  G d such  that 

gll-aXKne  = 0 and  f{d)  = Xa^, 

where  a and  checke  are  canonical  names  for  a and  e,  respectively,  or  for  some  elements 
in  the  kernel  that  represent  them.  Take  p such  that  (a,p,j)  ^ dom(q')  for  all  7 < k. 
Then  the  permutation  tt  that  sends 

■K  : (a,p)  ^ (0,0  ^ (a,p) 

and  fixes  everything  else  is  an  element  of  Q'.  Also, 

dom(Trg)  = (dom(g)  \ {(a,,f,7)  : 7 < k})  U {(0,7,7)  : (a, ^,7)  G dom(g)}, 

so  q and  irq  are  compatible.  Let  r be  a common  extension.  Then  r forces  (1),  (2), 
and  (3),  it  forces  /(a)  = ±a^,  but  also  forces  (7r/)(7ra)  = nia^,  that  is,  /(a)  = Xar,- 
Since  we  have  \\~  Xar,  ^ Xa(,  we  get  a contradiction  with  r Ih  (1).  □ 
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Theorem  40  is  commonly  used  through  a lemma  like  the  following: 

Lemma  42.  Let  (f)  be  a formula  of  the  form  3u'tp{X,iy),  where  the  only  quantifiers 
allowed  in  ip  are  of  the  form  3u  G V‘'{X)  and  Vu  G V‘'{X).  If  V is  a permutation 
model  such  that  V 1=  3X(p{X),  then  there  exists  a symmetric  model  M of  ZF  such 
thatM\=3X(P{X). 

A sentence  like  3X(p{X)  is  called  boundable.  Lemma  42  establishes  that  every 
boundable  sentence  is  transferable,  that  is,  if  it  is  satisfied  in  a permutation  model, 
there  exists  a Jech-Sochor  symmetric  model  that  also  satisfies  it.  A few  well  known 
boundable  sentences  are  the  following: 

1.  3X{X  is  amorphous). 

2.  3X{X  is  an  infinite  Il-finite  set). 

3.  3X{X  is  an  infinite  Ill-finite  set). 

4.  3X{X  is  an  infinite  IV-finite  set). 

5.  3A"(X  is  an  infinite  Ag-finite  set). 

The  examples  above,  from  (1)  to  (4),  appear  in  Jech  [Jec73].  For  (5),  notice  that  if 
there  is  a surjection  / from  a set  X onto  X U {A},  and  the  rank  of  A"  is  7,  then  the 
rank  of  / is  at  most  7 + 3,  and  / G 'P^(A).  Then  the  statement  “A  is  As-finite”  can 
be  written  as 

V/  eV’‘(X)  (39  € X U {X},  Vi  € X((x,  9)  ^ /)v 

{^y,v'  e X u {x},3i  £ x((i,9)  G / A (1,9')  e /))) . 

More  general  classes  of  formulas  are  transferable.  In  particular,  so-called  injec- 
tively and  surjectively  boundable  statements  are  transferable;  see  Pincus  [Pin72]  for 
the  definitions  and  a thorough  discussion  of  the  subject.  We  will  not  state  those 
transfer  theorems  here  for  lack  of  space.  However  we  will  mention  what  results  are 
being  used,  and  the  relevant  references. 

As  a consequence  of  the  previous  lemmas,  we  obtain  the  following: 
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Theorem  43.  None  of  the  following  statements  is  a theorem  in  ZF: 

1.  C{Ia)  implies  C~ {II), 

2.  C{II)  implies  C~{III), 

3.  C{III)  implies  C~{A5), 

4-  C{IV)  implies  C~{V). 

Proof.  All  the  four  parts  will  be  proved  in  a similar  way.  In  order  to  obtain  a model 
of  ZF  where  C{Q)  holds  but  C~{Q!)  fails,  we  start  with  a permutation  model  V 
where  E{I,  Q)  holds  (and  in  consequence  C{Q)  holds  too),  while  A is  an  example  of 
an  infinite  Q'-finite  set.  Then  we  take  the  Jech-Sochor  transfer  model  ff;  in  this  case 
the  set  A is  an  example  of  an  infinite  Q'-finite  set  without  a partial  choice  function 
(by  Lemma  41).  The  only  detail  is  to  show  that  B(I,  Q)  still  holds  in  JV  . 

For  (1),  consider  the  permutation  model  MPM-I,  Mathias-Pincus  Model  I.  In  the 
Jech-Sochor  transfer  of  MPM-I  there  are  no  amorphous  sets  (for  the  transferability 
of  this  statement,  see  Pincus  [Pin72],  2B3),  so  C(Ia)  holds,  but  A is  a Il-finite  family 
without  partial  choice  functions. 

For  (2),  consider  MOM,  Mostowski’s  ordered  model.  In  the  Jech-Sochor  transfer 
of  MOM  we  have  £'(1,11)  (for  the  transferability,  see  Pincus  [Pin72],  2B4),  so  0(11) 
holds.  However,  A is  a Ill-finite  family  without  a partial  choice  function. 

For  (3),  take  SFM,  Fraenkel’s  second  model.  £(I,III)  transfers  because  it  is 
surjectively  boundable,  so  it  holds  in  the  Jech-Sochor  transfer  JV  of  SFM.  Therefore 
O(III)  holds  in  jV.  Also,  A is  a As-finite  family  without  a partial  choice  function. 

Finally,  for  (4),  consider  the  modified  Fraenkel  model  BFM(Ki).  The  statement 
E(I,  IV)  transfers  since  it  is  an  injectively  bounded  sentence.  Therefore,  0(IV)  holds 
in  the  Jech-Sochor  transfer  of  BFM(Ki).  Of  course,  A is  a V-finite  family  without  a 
partial  choice  function.  □ 


CHAPTER  2 

COUNTABLE  COMPACT  SPACES 
IN  THE  ABSENCE  OE  AC 

2.1  Introduction 

It  is  a well  known  result  that  a compact  Hausdorff  space  with  no  isolated  points 
has  cardinality  greater  than  or  equal  to  the  continuum  (see,  for  example,  Sierpihski 
[Sie52],  Theorem  60).  The  known  proofs  use  the  axiom  of  choice  (AC),  or  at  least 
make  extra  assumptions  about  the  space  that  imply  the  existence  of  well  ordered 
local  bases.  Morillon  posed  the  question  of  whether  this  result  can  be  proved  without 
any  use  of  AC  (see  Miller  [Mil93]).  Here  we  answer  that  question  negatively,  by 
constructing  a model  of  ZF  where  there  exists  a compact  Hausdorff  topology  on  uj 
with  no  isolated  points. 

The  topology  above  turns  out  to  be  extremally  disconnected,  and  this  leads  into 
another  question  posed  by  Morillon  (personal  communication,  1998):  Can  it  be  proved 
from  ZF  alone  that  every  connected  compact  Hausdorff  space  with  at  least  two  el- 
ements has  cardinality  at  least  2^°?  The  answer,  which  constitutes  the  main  result 
of  this  chapter,  is  also  negative,  and,  of  course,  it  subsumes  the  answer  to  the  first 
question.  However,  we  will  include  the  construction  of  the  first  model  because  it  is 
much  simpler  and  easier  to  deal  with,  and  because  it  offers  a preview  of  some  tech- 
niques needed  for  the  main  result.  The  more  elaborate  construction  of  the  second 
model,  in  which  there  is  a connected  compact  Hausdorff  topology  on  w,  will  be  done 
in  Section  2.4. 

The  next  section  contains  the  original  result,  and  a few  modifications  that  can 
be  proved  in  ZF.  These  modified  versions  depend  on  the  use  of  a stronger  (namely, 
effective)  version  of  the  notion  of  compactness. 
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2.2  The  Original  Result  and  Some  Variations 
The  original  result  is  the  following: 

Theorem  1 (AC).  If  X is  a compact  Hausdorjf  space  with  no  isolated  points,  then 
|A|  > 2^°. 

We  will  not  provide  the  (easy  and  well  known)  proof  here.  Instead,  we  will  obtain 
the  result  as  an  immediate  consequence  of  Corollary  7. 

Definition  2.  Let  (A,  r)  be  a topological  space.  We  say  that  X is  effectively  compact 
if  there  exists  a function  S that  assigns  to  each  open  cover  C*  of  A a finite  subcover 
E(C). 

Clearly,  every  effectively  compact  space  is  compact.  Of  course,  if  AC  holds,  then 
every  space  is  effectively  compact  if  and  only  if  it  is  compact. 

Our  next  lemma  establishes  that  every  effectively  compact,  Hausdorff  space  is 
“effectively  regular.” 

Lemma  3.  Let  (A,  r)  he  an  effectively  compact,  Hausdorff  space.  Then  there  is 
a function  T that  maps  every  pair  {x,S),  where  S is  a closed  non-empty  set  and 
X e X \ S,  to  a pair  {A,  B)  of  disjoint  open  sets  such  that  x e A and  S C B. 

Proof  Let  x e X and  let  5 be  a closed  subset  of  A such  that  x ^ S.  Also,  let  E be 
the  function  that  witnesses  the  fact  that  A is  effectively  compact;  we  will  use  E to 
find  a uniquely  determined  pair  of  separating  neighborhoods  for  x,  S. 

Consider  the  collection 

C = {W  e T : there  exists  W Er  s.t.  W t^W'  = % and  x E W)  U {5^}, 

where  5"^  = A \ 5.  Clearly,  C is  an  open  cover  for  A,  since  A is  Hausdorff  and 
therefore  every  element  of  S can  be  separated  from  x by  open  neighborhoods.  Let  C 
be  the  finite  subcover  of  C determined  by  E,  and  let  5 = 1J(C"  \ {5'^});  it  is  easy  to 
see  that  S C B and  that  x ^ B. 
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We  claim  that  x is  not  in  the  closure  of  B.  Indeed,  if  for  each  W € C"  \ {S*^}  we 
choose  a neighborhood  W of  x disjoint  from  W,  we  have  that  the  intersection  of  all 
these  neighborhoods  W is  an  open  neighborhood  of  x which  is  disjoint  from  B (notice 
that  we  performed  only  finitely  many  arbitrary  choices  to  obtain  the  neighborhoods 
W,  and  that  these  choices  do  not  affect  the  final  definition  of  A).  We  can  now  define 
A as  the  complement  of  the  closure  of  5.  □ 

This  lemma  implies,  in  particular,  that  every  effectively  compact,  Hausdorff  space 
is  also  “effectively  Hausdorff.”  It  can  also  be  proved,  by  modifying  the  proof  above 
slightly,  that  every  effectively  compact,  Hausdorff  space  is  also  “effectively  normal;” 
however,  that  result  will  not  be  needed  here.  Instead,  we  will  prove  the  lemma  below. 
Given  a set  A,  A stands  for  the  topological  closure  of  A. 

Lemma  4.  Let  (W,  r)  be  an  effectively  compact,  Hausdorff  space.  Then  there  is  a 
function  A that  maps  every  pair  {E,  F)  of  non-empty  finite  subsets  of  X to  a pair 
{A,  B)  of  open  sets  such  that  E c A,  F c B,  and  An  B = 0. 

Proof.  Let  {E,  F)  be  a pair  of  finite  subsets  of  X,  and  let  T be  as  in  Lemma  3;  we 
will  use  r to  find  a uniquely  determined  pair  of  separating  neighborhoods  for  E,  F 
whose  closures  are  disjoint,  and  define  that  pair  as  the  value  of  A{E,F) 

First  we  will  prove  that  for  every  pair  (x,y)  of  elements  from  X there  exist 
uniquely  determined  neighborhoods  A^^y  of  x and  B,,^y  of  y which  have  disjoint  clo- 
sures. Let  (Hi,  Hi)  = A(a:,  {y}).  Clearly  x ^ Bp,  let  (^2,^2)  = A{x,Bi).  Then 
A2  C X B2,  and  consequently  H2  fl  Hi  = 0.  Therefore  we  can  take  Ax,y  = A2  and 
^x,y  — El- 

Now,  for  each  element  x e E,  define  A^  = flj/eF  and  for  each  element  y e F 
define  By  = HxeE  Ex,y  Defining  A = IJxeB  and  H = Uj/gf  Ey  we  can  easily  check 
that  A and  H satisfy  the  required  properties.  □ 
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The  following  lemma  puts  some  restrictions  on  the  kinds  of  sets  that  can  be 
furnished  with  an  effectively  compact,  Hausdorff  topology. 

Lemma  5.  Let  {X,  r)  be  an  effectively  compact,  Hausdorff  space.  Then  there  is  a 
multiple  choice  function  A for  V{X)  \ {0},  that  is,  a function  that  chooses  a finite 
non-empty  subset  out  of  every  non-empty  subset  of  X . Also,  if  X has  a well  orderable 
dense  subset,  then  there  is  a choice  function  for  V{X)  \ {0},  and  therefore  X is  well 
orderable. 

Proof.  Given  a non-empty  subset  Y C X,  we  use  the  function  E to  define  a unique 
finite  subset  E cY. 

If  F is  a singleton,  we  can  choose  E - Y.  So,  assume  that  Y has  at  least  two 
elements.  In  this  case  the  collection  C = {A"  \ {?/}  : y e F}  is  an  open  cover  for  X. 
Then  we  can  define 

E = {yeY:X~^{y}e  E(C)}. 

For  the  second  part  of  the  lemma,  assume  that  X has  a well  ordered  dense  subset 
Z = {za  ■ O'  < A}.  We  will  find  a uniquely  defined  element  y^  G F. 

If  E,  found  as  above,  is  a singleton,  we  can  take  yo  to  be  the  only  element  of 
E.  So,  assume  that  E has  at  least  two  elements.  For  each  y e E,  define  Ay  = 
^({2/})  where  A(F,  F')i  stands  for  the  neighborhood  of  containing 

E.  This  way.  Ay  is  a neighborhood  of  y,  for  each  y e E,  and  if  y,  y'  are  different, 
then  Ay  n Ayi  = 0.  This  way,  to  each  y e E we  can  assign  a finite  set  of  ordinals 
Dy  = {a:ZaE  Ay]  ; since  the  sets  Dy  are  pairwise  disjoint,  we  can  canonically  choose 
yo  to  be  such  that  min(iAy(,)  is  minimum.  □ 

A consequence  of  the  previous  lemma  is  that  if  the  space  [0, 1]  is  effectively  compact, 
then  M is  well  orderable. 

Now  we  can  prove  the  main  result  in  this  section. 
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Theorem  6.  Let  X be  an  effectively  compact,  Hausdorff  space,  and  assume  that  X 
has  no  isolated  points.  Then  \X\  >*  2^°  (see  Appendix  A for  the  definition  of>*). 

Proof.  Let  X be  an  effectively  compact,  Hausdorff  space  with  no  isolated  points. 
Also,  let  E be  a function  that  chooses  finite  subcovers  from  each  open  cover,  A 
a function  that  chooses  separating  neighborhoods  with  disjoint  closures  for  every 
pair  {E,  F)  of  non-empty  hnite  subsets  of  X,  and  A a multiple  choice  function  for 
P{X)  \ {0}  (as  given  by  the  definition  of  effective  compactness.  Lemma  4,  and 
Lemma  5,  respectively). 

To  each  element  s of  we  assign  a finite  set  Eg  C X and  a neighborhood  Ug 
containing  Eg  by  induction  on  the  length  of  s.  First,  define  E^  = A(A)  and  = X. 
If  Eg  and  Ug  are  defined,  we  define: 

1-  Eg^Q  = Eg. 

2.  Eg^i  = A{Ug  \ {£’s})  (since  there  are  no  isolated  points,  every  open  set  is 
infinite,  so  Ug  \ {i^s}  is  not  empty). 

3.  If  A{Eg^Q,  Eg^i)  = {U,  U'),  then  define  Ug^Q  = U r\Ug  and  Ug^i  = U'  HUg 

It  is  clear  that  if  s is  an  initial  segment  of  s',  then  Eg'  C Ug,  and  that  if  neither  s nor 
s'  is  an  initial  segment  of  the  other,  then  Ug  ft  Ug'  = 0. 

For  every  a E‘^2  we  define  the  set 

meuj 

The  following  things  can  be  proved  about  the  sets  A^,a  2: 

1.  Each  Aa  is  not  empty:  Since  each  set  U^irn  is  non-empty,  the  intersection  is 
non-empty  (otherwise  the  set  of  complements  would  be  an  open  cover  without 
a finite  subcover). 

2.  If  cr  7^  p,  then  A^  H Ap  = 0:  Take  m large  enough  such  that  a \ n ^ p \ n. 
Then  Ua\n  H = 0,  and  we  have  that  A^  C Ua\n  and  Ap  C Up\n 
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As  a consequence  of  these  two  facts  we  can  conclude  that  |A^|  >*  2^°:  we  can  define 
a surjection  / : X ^ 2‘^  by  assigning  f{x)  = a for  all  x e for  each  a e 2^^,  and 
assigning  all  other  elements  of  X to  a fixed  element  of  2^^.  □ 

We  could  prove  the  stronger  inequality  |A"|  > 2^°,  if  we  were  able  to  choose  one 
element  from  each  set  and  define  this  way  a one-to-one  function  from  2^  into  X. 
This  can  be  done  if,  for  example,  if  X is  well  orderable  or,  equivalently,  if  X has 
a well  orderable  dense  subset  (see  Lemma  5).  In  that  case  we  obtain  the  following 
corollary: 

Corollary  7 . If  X is  an  effectively  compact,  Hausdorff  space  with  a well  orderable 
dense  subset  and  no  isolated  points,  then  |Ai|  > 2^°.  If  there  is  such  a space  X,  then 
it  is  well  orderable,  and  consequently  2^°  is  a well  orderable  cardinal. 

From  this  result  we  can  easily  obtain  the  original  result.  Theorem  1,  by  noticing 
that,  under  AC,  compactness  is  equivalent  to  effective  compactness  and  every  space 
is  well  orderable.  As  a final  consequence,  we  obtain  another  corollary: 

Corollary  8.  If  X is  a countable,  effectively  compact,  Hausdorff  space,  then  X has 
an  isolated  point. 


2.3  A Simple  Model 

In  this  section  we  describe  a model  of  ZF  where  there  exists  a compact  Hausdorff 
topology  on  to  with  no  isolated  points.  We  will  skip  some  of  the  proofs,  since  the 
same  techniques  will  be  applied  in  Section  2.4. 

We  begin  with  a standard  model  M of  ZFC.  Using  Cohen  forcing,  we  add  a 
countable  set  A = {xn  : n e tu}  of  mutually  generic  subsets  of  uj,  and  define  B as  the 
set  of  finite  Boolean  combinations  of  elements  of  A (using  unions  and  complements 
with  respect  to  a;).  Since  the  generic  extension  M[G]  satisfies  ZFC,  B is  isomorphic 
(in  M.[G])  to  the  countable  free  Boolean  algebra. 
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We  define  our  model  as  the  class 

A/"=  H0D^[^1(5U  {B}) 

of  sets  that  are  hereditarily  ordinal  definable  from  B U {B}  in  M[G]]  that  is,  A/”  is 
formed  by  all  sets  x G A4[G']  such  that  x and  all  the  elements  of  the  transitive  closure 
of  X are  definable  by  formulas  in  the  language  of  set  theory  (relativized  to  M[G]), 
using  as  parameters  only  ordinals,  elements  of  B,  or  B itself.  It  is  a well  known  result 
that  such  a class  is  a model  of  ZF. 

Clearly,  B E Af,  and  it  is  still  an  atomless  Boolean  algebra  of  subsets  of  uj  in  Af. 
However,  the  isomorphism  between  B and  the  countable  free  Boolean  algebra  is  not 
in  Af-,  in  fact,  B is  not  even  well  orderable  in  Af.  Even  more,  the  generating  set  A is 
not  in  Af  either,  nor  is  its  enumeration  by  a;.  We  define  the  topology  r on  a;  as  the 
topology  generated  by  B as  a base. 

It  is  easy  to  check  that  {co,t)  is  Hausdorff:  given  m,m'  G co,  with  m ^ m' , 
standard  forcing  arguments  can  be  used  to  show  that  there  exists  Xn  E A such  that 
m E Xn  and  m!  ^ Xn-  Therefore,  a;„  and  its  complement,  which  are  elements  of  B, 
are  separating  neighborhoods  for  m and  m' . It  is  even  easier  to  see  that  (w,  r)  has  no 
isolated  points,  since  B is  atomless  and  therefore  every  non-empty  basic  neighborhood 
is  infinite. 

In  order  to  prove  that  (a;,r)  is  compact,  it  is  enough  to  check  that  every  cover  G 
of  Lo  by  elements  of  B has  a finite  subcover.  We  will  assume  first  that  G is  definable 
by  a formula  that  uses  ordinals  and  B as  parameters,  but  not  members  of  B\  in  this 
case  we  use  the  following  lemma,  whose  proof  we  will  skip: 

Lemma  9.  Let  G C B be  definable  by  a formula  that  uses  ordinals  and  B as  pa- 
rameters, but  not  members  of  B.  Then  there  exists  a set  D C 2<‘^  such  that  for  all 
X E B, 

X E G iff  there  exists  d E D such  that  Xx  T>  d, 
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where  Xx  characteristic  function  of  x.  □ 

Assume  now  that  C C 5 is  a cover  for  to  definable  from  ordinals  and  B,  and  let 
D C 2^^^  be  the  set  corresponding  to  C obtained  from  Lemma  9.  Pick  x e C,  and 
d e D such  that  d C XB  can  assume  without  loss  of  generality  that  dom(d)  = 
{0, . . . , u — 1}.  Since  C is  a cover  for  iw,  we  can  choose  yo,. . yv-i  G C such  that 
dom(d)  C U{yi  : i = 0, . . . , n - 1}. 

We  would  like  the  complement  :r  of  x to  be  in  C,  but  that  might  fail.  So,  we  modify 
X into  a set  ro  G B in  such  a way  to  guarantee  that  the  modified  version  belongs  in  C. 
However,  to  compensate  for  those  modifications,  we  will  have  to  perform  the  opposite 
modifications  to  x,  in  such  a way  that  the  result  w'  contains  the  complement  of  w 
but  is  still  in  C . 

Let  do, ... , du-i  be  finite  functions  into  {0, 1}  with  domain  {0, . . . , u - 1},  defined 
by  di{j)  = 1 iff  i = j , for  i,  j e {0, . . . , M - 1}.  Also,  choose  sets  zq,  . . . , z^-i  such  that 
dj  C for  i = 0, . . . , u — 1.  Define 

w=(x^  |J{a  : d{i)  = 0})  U lj{zi  : d{i)  = 1} 

and 

w'  = x\J  : d{i)  = 0}. 

It  is  clear  that  both  w and  w'  are  in  C,  since  both  extend  d.  Also,  it  is  easy  to  see  that 
wUw'  covers  all  of  u>  except  for  those  numbers  i e u ior  which  d{i)  = 0.  Therefore, 
the  finite  collection  C = {w,  w',  yo,  • • • , yv-i}  covers  all  of  co. 

For  the  case  in  which  the  definition  of  C depends  on  parameters  rco, . . . , 
we  consider  the  Boolean  subalgebra  B'  of  B generated  by  {roo, . . . , rcfc-i}-  Since  B' 
is  finite,  it  is  atomic;  let  ao,...,o;_i  be  the  atoms  of  B' . Then  C induces  covers 
Cj  = {x  n Oj  : X G C}  for  each  a^,  i = 0, . . . , / — 1.  Both  Lemma  9 and  the  argument 
above  can  be  relativized  to  each  set  a^,  in  order  to  obtain  a finite  subcover  C'  of  Q, 
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for  z = 0, — 1.  These  finitely  many  finite  covers  can  be  used  to  obtain  a finite 
subset  C of  C which  covers  u),  since  lj{ai  : z = 0, . . . , / — 1}  = w. 

We  have  just  proved  the  following  theorem; 

Theorem  10.  If  t is  the  topology  on  uj  generated  by  B as  a base,  as  defined  above, 
then  {lo,  t)  is  a compact  Hausdorff  space  with  no  isolated  points.  □ 

Corollary  11.  The  existence  of  a countable  compact  Hausdorff  space  with  no  isolated 
points  is  consistent  with  ZF.  □ 

This  result  will  be  improved  in  the  next  section. 

Notice  that  in  the  proof  above  we  performed  several  arbitrary  choices,  although 
only  finitely  many.  However,  this  means  that  the  finite  subcovers  cannot  be  obtained 
simultaneously  for  all  open  covers;  in  other  words,  (a),  r)  is  not  effectively  compact. 
Of  course,  the  results  from  the  previous  section  explain  why  this  must  be  true. 

2.4  A Countable  Connected  Compact  Hausdorff  Space 
Theorem  12.  It  is  consistent  with  ZF  to  have  a countable,  connected,  compact  Haus- 
dorff space. 

Proof  We  construct  a model  M of  ZF  where  there  is  a connected  compact  Hausdorff 
topology  on  ui. 

The  construction  of  this  topology  could  be  described  in  the  following  way:  Con- 
sider the  Tychonoff  topology  on  the  product  where  Q stands  for  the  additive 
group  Q/Z  with  the  topology  inherited  from  the  circle  M/Z.  Using  forcing  with  finite 
conditions,  we  add  countably  many  new  elements  of  this  is  equivalent  to  adding 
countably  many  Cohen  reals.  The  enumeration  of  the  generic  elements  defines  a map 
£7  from  u into  ‘^Q,  and  this  map  induces  a topology  on  lv.  The  idea  is  to  pass  then 
from  this  generic  extension  to  a submodel  M where  2‘^°  is  no  longer  well-orderable, 
but  J\f  contains  the  topology  on  lv  (though  not  the  embedding  into  ‘^Q). 
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However,  instead  of  using  the  function  a to  directly  induce  the  topology,  we  will 
choose  a particular  basis  for  the  topology  on  (one  formed  by  neighborhoods  of 
“polyhedral”  shape),  and  use  it  to  define  a basis  B for  a topology  on  w;  this  will 
make  easier  the  combinatorial  topology  needed  for  some  of  the  arguments.  We  will 
then  define  the  submodel  Af  in  such  a way  to  make  sure  that  B e Af,  and  we  will 
proceed  to  prove  that  the  topology  r generated  by  B (in  Af)  is  Hausdorff,  compact, 
and  connected. 

Starting  with  a standard  model  A4  of  ZFC,  we  use  the  following  forcing  notion  to 
create  a generic  extension: 

IP  = {p  : p is  a finite  function,  dom(p)  C uj  x to  and  range(p)  C Q}. 

This  adds  a collection  {cr(m)  : m E to}  oi  new  functions  from  to  into  Q.  However, 
we  can  also  interpret  the  extension  as  adding  a collection  {X^  : n G a;,  r G Q}  of 
Cohen-generic  subsets  of  lv,  where  = {m  e co  : {a{m))n  = r},  for  all  n G w,  r G Q. 
It  is  easy  to  see  that  the  following  properties  hold: 

1.  For  each  n G a;,  the  family  : r G Q}  is  a partition  of  u. 

2.  If  n / n',  then  A"  and  A"/  are  mutually  generic,  for  all  r,  r'  G Q. 

We  define  names  A”  in  such  a way  that  p Ih  rh  G A"  iff  p(n,  m)  = r. 

We  proceed  to  define  now  the  sets  which  will  eventually  become  the  basic  neigh- 
borhoods for  our  topology.  We  will  think  of  Q as  a “circle,”  with  countably  many 
points,  so  finite  Cartesian  products  of  copies  of  Q will  be  thought  of  as  “tori.”  If 
E <Zu  \s  finite,  the  torus  can  be  conceived  also  as  the  quotient  space  In 

that  case,  the  projection  F^;  : — >•  makes  behave  as  a sort  of  covering  space 

for  (without  the  connectedness  conditions). 

We  will  briefly  describe  some  notions  of  combinatorial  topology  that  will  be  used 
later  in  the  proof.  All  these  notions  are  obtained  using  well  known  tools  from  Piece- 
wise  Linear  Topology  (which  are  usually  defined  in  Euclidean  spaces),  just  by  taking 
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the  intersection  with  of  some  of  the  objects  in  In  Appendix  B we  develop 
the  elementary  notions  of  PL  Topology  that  are  used  here,  and  we  prove  some  results 
that  will  be  needed  later  in  this  chapter;  for  a complete  exposition  of  the  original 
objects  and  methods,  the  reader  is  referred  to,  for  example,  Hudson  [Hud69]. 

Definition  13.  Given  E = {ni,...,nfc}  C u>,  we  call  a closed  simplex  in  the 
intersection  with  of  a simplex  in  with  vertices  in  ^Q.  If  a closed  simplex  is 
generated  by  exactly  A;  + 1 linearly  independent  points  we  call  it  full  dimensional.  A 
closed  polyhedron  in  is  the  intersection  with  of  a connected  set  in  which  is 
the  union  of  finitely  many  full  dimensional  closed  simplices  in  ®E.  We  will  also  call 
an  open  simplex  {open  polyhedron)  the  interior  of  a full  dimensional  closed  simplex 
(closed  polyhedron)  with  respect  to  ^Q.  A simplex  {polyhedron)  is  either  an  open  or 
closed  simplex  (polyhedron). 

Remark.  The  topology  of  is  quite  different  from  that  of  ^E;  however,  in  our 
combinatorial  arguments,  we  will  use  more  the  similarities  than  the  differences.  For 
example,  we  will  think  of  polyhedra  in  as  “connected”  sets,  just  because  they  are 
obtained  from  a connected  set  in  ^E  (actually,  the  only  truly  connected  subsets  of 
are  the  singletons). 

Given  a polyhedron  W in  ®Q,  we  use  d{W)  and  int(lT)  to  denote  the  boundary 
and  the  interior  of  W in  the  topology  of  ^Q;  therefore,  an  open  polyhedron  is  one 
that  is  disjoint  from  its  boundary  and  a closed  polyhedron  is  one  that  contains  it.  It 
is  clear  that  the  interior  of  a simplex  S of  dimension  less  than  k is  empty,  and  its 
boundary  is  S itself.  However,  at  some  point  we  will  use  the  homological  boundary  of 
simplices  of  dimension  lower  than  the  ambient  space.  In  those  cases,  the  homological 
boundary  is  defined  as  the  intersection  with  of  the  homological  boundary  of  the 
original  simplex  in  ^E  (that  is,  the  boundary  with  respect  to  the  smallest  hyperplane 
that  contains  the  simplex). 
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Other  notions  like  subdivision  and  triangulation  can  also  be  easily  defined  in  our 
setting,  and  basic  results  still  hold.  We  will  not  use  diflferent  notations  for  a simplicial 
complex  and  its  underlying  set;  it  should  be  clear  from  the  context  to  which  one  are 
we  referring. 

Another  important  notion  is  that  of  a simplicial  map.  As  for  simplicial  complexes 
in  Euclidean  spaces,  a simplicial  map  from  a complex  kE  to  a complex  W is  a 
continuous  map  which  sends  vertices  into  vertices,  and  simplices  from  W linearly  into 
(and  hence  onto)  simplices  of  W.  The  main  point  is  that  the  vertices  used  always 
have  rational  coordinates;  therefore,  simplicial  maps  are  piecewise  linear  functions 
with  rational  coefficients,  and  consequently  map  points  in  into  points  in  It 
is  clear  that  a simplicial  homeomorphism  preserves  polyhedra:  it  is  enough  to  take  a 
triangulation  of  a polyhedron,  and  a refinement  of  the  simplicial  map  to  see  that  the 
image  of  the  polyhedron  is  a finite  union  of  full-dimensional  simplices;  connectedness 
is  guaranteed  by  the  continuity  of  the  map.  The  same  is  true  for  piecewise  linear 
homeomorphisms,  since  these  can  be  transformed  into  simplicial  maps  (see  Hudson 
[Hud69],  Lemma  1.10). 

Now  we  relativize  the  notions  above  to  the  tori. 

Definition  14.  Given  E = {ni, . . . ,Uf;}  C lu,  we  call  an  E -polyhedron  (in  the 
image  of  a polyhedron  in  under  the  projection  T£;.  An  E-polyhedron  W is  open 
if  it  is  disjoint  from  its  boundary  (in  ^(Q),  and  it  is  closed  if  it  contains  it.  If  W is  the 
image  of  a A:-dimensional  simplex  S in  whose  closure  is  contained  in  an  open  cube 
of  length  less  than  1 in  (so  that,  in  particular,  the  projection  T^  is  one-to-one  on 
the  closure  of  S),  we  call  it  an  E -simplex. 

Given  E = {ni, . . . , n*,}  and  r = (ri, . . .,Vk)  G (a  “point”  in  the  fc-dimensional 
torus),  we  define 


A>  = n • • • n 
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Given  a set  VF  C ®Q,  we  define 

X\v  = [J  Xf- 

rew 

Also,  we  can  equivalently  define 

Xf  = {m  : a{m)  \ E = f} 

and 

Xw  = {m  : a{m)  \ E G W} 

Consider  the  family  B of  all  sets  Xw  where  W is  an  open  i?-polyhedron  for  some 
Ecu  finite.  B is  our  intended  basis  for  the  topology  on  u.  To  see  that  B is  closed 
under  finite  intersections  it  is  enough  to  check  that  if  Wi  is  an  open  E'l-polyhedron 
and  W2  is  an  open  ^2-polyhedron,  then  Xwi  H Xw2  = Xw,  where  W is  an  open 
^'-polyhedron  with  E — (Ei  U E2),  given  by: 

where  7t§^  is  the  natural  projection  from  onto  for  j = 1,  2. 

Notice  that  if  W is  an  T'-polyhedron  and  E'  D E,  then  W = (tt^ )“^(1T)  is  an 
£i'-polyhedron,  and,  moreover,  it  is  easy  to  check  that  Xw  = Xw>-  However,  if  W is 
an  E'-simplex,  W is  not  an  E'-simplex  , since  it  “wraps  around”  the  torus  ^'Q.  It  is 
still,  of  course,  an  ^i'-polyhedron  (according  to  our  definition).  We  will  refer  to  the 
change  from  W to  W as  “increasing  the  dimension.” 

The  Model 

Our  model  is  defined  by 


M = U 5 U {H}), 
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where  G is  a P-generic  filter.  Thus,  5 is  a set  in  J\f,  and  it  still  generates  a topology 
on  u).  This  topology  is  clearly  Hausdorff:  if  m 7^  m',  then,  by  standard  forcing 
arguments,  there  is  some  n G a;  such  that  m G and  m!  e X^,,  with  r / r'.  Taking 
disjoint  open  intervals  /,  /'  in  Q (which  are  {n}-polyhedra)  that  separate  r and  r', 
we  have  that  Xj  and  Xp  separate  m and  m'. 

Remark.  This  proof  can  also  be  carried  out  if  we  define  Af  = U {5}). 

However,  we  use  U 5 U {S})  because  it  allows  us  to  use  Lemma  17 

twice,  saving  us  an  awkward  piece  of  argument. 

The  rest  of  the  proof  will  be  devoted  to  show  that  this  topology  is  compact  and 
connected. 

Lemma  15.  Let  C G B.  Assume  that  C is  closed  under  subsets  that  are  members 
of  B,  and  that  it  contains  at  least  one  element  different  from  0.  Also  assume  that  C 
is  definable  in  Ad[G*]  using  only  elements  of  A4  U {B}  as  parameters  (not  members 
of  B).  Then  there  exist  finite  sets  Eo,d  C lo  such  that  for  every  open  E -simplex  W 
with  E D Eq,  if  X\v  is  disjoint  from  d,  then  Xw  G C . 

Proof.  Take  Ei  C a;,  finite,  such  that  there  exists  an  open  Lli-polyhedron  Wi  with 
the  property  that  Xwi  G C and  AVi  0,  w.  It  is  convenient  also  to  make  sure  that 
\Ei\  > 2;  this  can  be  done  by  increasing  the  dimension,  if  necessary. 

Take  pi  G P such  that  pi  Ih  AVi  G C.  Define 

d = {m  G a;  : (n,  m)  G dom(pi),  for  some  n G cu} 

and 

■^2  = {n  G a;  : (n,  m)  G dom(pi),  for  some  m G u>}. 

Take  Eq  = Ei\J  E2. 

Now  fix  any  E = {rii, . . . ,nfc}  D Eq;  we  want  to  prove  that  for  every  open  E- 
simplex  W,  if  Xw  n d = 0 then  Xw  G C. 


Define 
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D = {q  e F : ii  {n,m)  e dom(g)  for  some  n £ E, 


then  E x {m}  C dom(5)}. 

Clearly  D is  dense  in  P.  If  g G D,  and  E x {m}  C dom(g),  we  define 

fq(m)  = (ri,...,rfc) 

where  q{nj,  m)  = rj,  for  j = 1, . . . , k.  In  other  words,  fq{m)  is  the  unique  point  f in 


course,  p ^ D. 

Let  now  X\y  be  such  that  W is  an  i?-simplex  and  Xw  is  disjoint  from  d = 
{mi, . . . , m^};  we  want  to  prove  that  Xw  G C. 

We  have  that  W is  disjoint  from  the  set  {rp(mi), . . . , fp{ms)},  otherwise  Xw  would 
contain  some  element  of  d.  We  make  use  now  of  the  following  lemma: 

Lemma  16.  There  exists  a homeomorphism  4>  of  the  torus  such  that: 

1.  (f)  maps  E-polyhedra  onto  E-polyhedra,  and 

2.  (j)  maps  an  E-simplex  Wi  C Wq  onto  W,  while  leaving  fixed  each  one  of  the 
points  fp{mi), . . . , fp(ms). 

Proof  First,  we  choose  Wi  small  enough  so  that  we  can  “lift”  all  the  objects  of 
interest  into  the  interior  of  a closed  |£'|-dimensional  nnit  cnbe  K in  the  covering 
space  ^Q;  in  other  words,  we  find  simplices  W[,  W and  points  rj',  such 

that  they  are  mapped  by  onto  Wi,  W and  rp{mi) , . . . , rp{ms) , respectively.  Once 
we  find  a homeomorphism  (f)'  of  K that  preserves  polyhedra,  maps  W[  onto  W and 
moves  no  point  from  [rf , f/}  or  the  boundary  of  K,  we  can  define 


Q such  that  g Ih  m G Xf.  Take  an  extension  p of  p\  such  that  dom(p)  = i?  x d;  of 
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To  prove  the  existence  of  (p',  we  consider  two  cases. 

For  the  first  case,  assume  that  there  exists  a closed,  full-dimensional  simplex 
So  contained  in  K (with  vertices  in  ^Q),  such  that  W[,W  C int(S'o)  and  So  n 
{n', . • • , = 0-  Then  there  exists  another  closed  simplex  S\  C int(5o)  such  that 

W[,W'  C int(5i). 

Claim.  There  exist  piecewise  linear  homeomorphisms  •0i,V’2  of  K that  map  W[,W , 
respectively,  onto  5i,  without  moving  any  point  of  /C  \ int(5o). 

Once  we  have  this,  we  can  define  (f)'  = o Then  cp'  maps  Wi  onto  W2 
without  moving  any  point  of  K \ int(S'o). 

Proof  of  Claim.  We  follow  the  proof  of  Lemma  1.12  in  Hudson  [Hud69];  the  central 
idea  is  the  construction  of  a so-called  pseudo-radial  projection  (PRP).  We  will  show 
the  existence  of  xpi;  the  existence  of  ■02  can  be  proved  in  exactly  the  same  way. 

Choose  a e int(Wi'),  and  let  RPq:  d{W[)  d{So)  and  RP^-.  d{W[)  -4  d{Si)  be 
radial  projections  from  a.  Because  of  the  convexity  of  simplices,  both  projections  are 
homeomorphisms;  however,  they  fail  to  be  piecewise  linear.  We  will  use  them  to  find 
a piecewise  linear  homeomorphism  PRP:  d{W{)  d{Si). 

If  S'  is  a simplex  in  d{So)  or  d{Si),  we  can  form  a full-dimensional  simplex  S*  by 
taking  the  convex  hull  of  S U {a}.  Consider  then  a subdivision  A of  d{W[)  which 
contains  subdivisions  of  the  polyhedra 

RPf\S)  = d{W[)CS* 
for  each  S G d{Sj),  for  j = 0, 1. 

Now  let  r be  a simplex  in  A.  We  have  that  RPi  “T  is  a simplex  contained  in  a 
face  of  d{So).  Define  PRP:  A — > d{So)  by  letting  PRP[b)  = RPi(b)  for  all  vertices 
b of  A,  and  then  extending  linearly.  Then  PRP  is  a well-defined  map,  and  it  is  a 
piecewise  linear  homeomorphism  from  A = d{W[)  to  d{Si). 
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Figure  2.1:  The  map  in  the  two-dimensional  case. 


Finally,  to  define  '0i,  we  consider  a subdivision  A'  of  Sq  that  contains  {a},  A and 
Si,  but  adding  no  new  vertices.  Once  is  defined  for  all  vertices,  it  extends  linearly 
to  all  the  simplices  to  become  a piecewise  linear  continuous  function  (which  will  be 
a homeomorphism  because  of  the  w'ay  it  is  defined).  If  6 is  a vertex  in  A',  then 


a,  a b = a 


PRP{b),  \^beA  = ^{Wi) 


b,  ifbed{So) 


and  if  5 e d{Si),  then  we  define  ipi{b)  as  follows:  We  know  that  b is  in  the  line 
segment  between  PRP~^{b)  G A and  the  radial  projection  c of  5 into  5(5q).  Then, 
since  ipi{PRP~^{b))  is  defined,  and  we  know  that  ipi{c)  will  eventually  be  defined  as 
c,  we  define  i/j{b)  linearly  to  a point  in  the  segment  between  b and  c.  This  allows  us 
to  complete  the  definition  of  'ipi,  and  it  finishes  the  proof  of  the  claim.  □ 


For  the  general  case,  assume  that  there  is  no  such  simplex  S.  Using  the  fact 
that  the  dimension  \E\  > 2,  we  can  find  a polygonal  path  7 connecting  W[  and  W , 
while  simultaneously  avoiding  the  points  fi', . . . , r/.  By  compactness  arguments  (in 
^R),  there  exists  a finite  collection  {Si,  S2, . . . , St}  of  open  simplices  such  that  the 
following  hold: 


1.  jC[j{SuS2,...,St}, 
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2.  {f/,...,r7}nU{5i,52,...,5a  = 0, 

3.  W{  C 5i  and  W'  C St,  and 

4.  Si  n Si+i  0,  for  i = 1, ...  ,t  — 1. 

By  choosing  simplices  W'^, . . . , Wl_i,W[  = W such  that  VFj+i  C fl  for  i = 
1, . . . , t — 1,  we  can  repeat  the  argument  from  the  first  case  above  to  find  polyhedron 
preserving  homeomorphisms  (j)\, . . . , S't  such  that,  for  each  z = 0, . . . , t — 1, 

1.  (/)'  maps  W[  onto 

2.  (j)[  moves  no  points  outside  of  Si. 

We  then  obtain  our  desired  homeomorphism  by  choosing  (j)'  = (f>[  o ■ ■ ■ o (p'^.  □ 

The  homeomorphism  0 we  have  just  found  induces  an  order  automorphism  (p*  on 
D C P,  defined  by 

for  any  m such  that  E x {m}  C dom{q)  and  j = l,...,k,  and  {(p*q){n,m)  = q{n,m) 
if  {n,  m)  G dom{q)  but  n ^ E. 

Now,  since  D is  dense  in  P,  we  can  consider  D as  an  equivalent  notion  of  forcing, 
and  in  fact,  M[G  n D\  = M[G\. 

The  sets  of  the  form  Xz,  where  Z is  an  if-polyhedron,  have  a natural  D-name 
Xz  given  by  Xz{m)  = {q  <E  D : E x {m}  dom(g)  and  rq{m)  G Z).  Since  Wi  C Wq, 
then  lb  Xwi  C Xwo-  Also,  the  name  C can  be  chosen,  without  loss  of  generality,  so 
that  it  is  a D-name  and  Ih  VX,  F G B{Y  eCAXcY^Xe  C).  Therefore,  we 
have  that  p Ih  Xwq  G C. 

Then,  by  the  usual  arguments  about  automorphisms  of  the  forcing  notion,  (as  can 
be  found,  for  example,  in  Jech  [Jec78]),  (p*  can  be  extended  to  the  class  of  D-names, 
and  we  have  that 


(P*p  Ih  (PYXwt  e (P*C 
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It  can  be  easily  verified  that  (p*Xwi  = and  that  (f)*p  = p,  so  we  have 

p lb  ^ (j)*C . 

Now,  since  (j)*  leaves  invariant  the  canonical  names  of  elements  of  M and  the  natural 
name  B,  it  follows  that  the  interpretation  of  (j)*C  under  GnD  is  C,  because  it  satisfies 
the  same  defining  formula  with  the  same  parameters.  Therefore, 

p lb  AV  G C' 

where  C'  is  a name  for  C.  Since  p e G,  we  conclude  that  AV  G G,  finishing  the 
proof  of  Lemma  15.  □ 

This  lemma  allows  us  to  prove  the  finite  subcover  property  for  the  special  case 
when  a given  open  cover  C for  to  is  definable  from  B and  elements  of  M (we  can 
assume  without  loss  of  generality  that  C C B and  that  it  is  closed  under  subsets  in 
B): 

Lemma  17.  Let  M,J\f,B  be  defined  as  before,  and  let  C C B be  a cover  for  u>, 
closed  under  subsets  in  B.  Assume  that  C is  definable  from  elements  of  the  ground 
model  and  B (using  no  elements  of  B).  Then  there  exists  a finite  subcover  C C C 
for  u). 

Proof.  Take  Eq,  d as  in  the  conclusion  of  Lemma  15,  and  take  \d\  sets  Xwi,-  ■ ■ , AV, 
from  C,  where  each  Wj  is  an  T'j-polyhedron,  to  cover  each  m E d.  By  increasing 
dimension,  if  necessary,  we  can  consider  each  Wj  to  be  an  £l-polyhedron,  where 
E = Eq  \J  El  {J  ■ ■ ■ \J  Eg.  Since  C is  closed  under  subsets  in  B,  we  can  then  find 
£'-simplices  Sj  C Wj,j  = 1, . . . , s such  that  Uj=i,...,s  A d,  but  at  the  same  time, 
the  closures  of  Sj,  Sji  are  disjoint  if  j ^ j' . 


56 


Now  triangulate  the  torus  in  such  a way  that  Sj,j  = 1, . . . ,s  form  part  of 
a triangulation  of  the  torus  in  £’-simplices.  Let  , 5”'  be  the  rest  of  the  E- 

simplices  of  the  triangulation,  taken  as  open  £'-simplices.  We  enlarge  slightly  each 
S'j  to  obtain  new  open  £’-sirnplices  . . . ,Sr  such  that 

51  U • • ■ U 5s  U Ss+i  U • • • U 5^  = ^Q. 

but  taking  care  that  no  one  of  the  points  in  d enters  any  of  the  Ss+i-, . . . ,Sr-  Then, 
by  the  properties  of  Eo  and  d,  the  sets  Xsj,j  = s + 1, . . . , r are  actually  members  of 
C.  Therefore,  C = {A"s^  : j = 1, . , . , r}  is  a finite  subcover  of  C.  □ 

For  the  general  case,  we  will  proceed  as  follows:  Let  C be  an  open  cover  for 
u which  is  definable  from  elements  of  M,  B,  and  the  parameters  AVi,---,AV„- 
Choose  Eq  large  enough  so  that  Wi, . . . , kF„  are  all  Eo-polyhedra.  Triangulate  each 
Wj,  and  then  produce  a triangulation  {5j  : i = 1, . . . , u}  of  in  such  a way  that 
all  the  triangulations  of  the  sets  Wj  are  contained  in  it  (refining  each  one  of  these  if 
necessary).  It  is  enough  then  to  find  a finite  subcover  for  each  set  Xsi,i  = 1, . . . , u, 
since  the  union  of  these  subcovers  is  a finite  subcover  for  co.  We  will  proceed  by 
induction  on  the  dimension  of  the  simplexes,  and  use  the  fact  that  each  A"^,  is  either 
disjoint  or  contained  in  each  of  the  parameters  Xwi,  • • • , Xw^- 

For  dimension  0,  Si  is  a singleton  {Fq},  with  Fq  G We  will  base  our  proof 
on  the  fact  that,  in  this  case,  A5.  resembles  the  whole  space.  In  order  to  be  able  to 
apply  Lemma  17,  we  will  factor  the  extension  from  M to  M[G]  in  two  parts,  so  that 
the  parameters  Xwj,j  = can  be  considered  as  elements  of  the  first  extension, 

and  then  consider  this  first  extension  as  the  ground  model  for  the  second  extension. 

It  is  easy  to  see  that  P is  isomorphic  to  the  product  Pq  x Pj,  where 

Po  = {Po  : Po  is  a finite  function,  dom(po)  C Eq  x lo  and  range(po)  C Q} 
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and 


P’1  = {Pi  -Pi  is  a finite  function, 

dom(pi)  C (a;  \ Eo)  x uj  and  range(pi)  C Q}. 


If  we  define 


and 


Go  = {Po  G Po  : (Po,Pi)  e G for  some  pi  G Pj 


Gi  = [pi  G Pi  : (po,Pi)  G G for  some  po  G Pq}, 


then,  by  well  known  results  about  generic  extensions  (see,  for  example,  Jech  [Jec78], 
Lemma  20.1)  we  have  that  Gq  is  generic  over  M and  G\  is  generic  over  M[Gq\\ 
furthermore,  M.[G]  = Ad[Go][Gi]. 

The  union  of  the  generic  set  Go  is  a function  cxo : a;  — )■  to  M,  while  the  union 
of  G\  is  a function  ai : a;  — >■  to  Al[G'o];  from  gq  and  cri  we  can  recover  the 

function  cr:  a;  ^ in  M[G]  in  the  obvious  way.  We  have  that,  for  any  f G 

= AV  (in  Ai[G\).  Since  gq  G Ad[Co],  that  means  that  for  every  f G ^°Q, 
Xf  G M[Go\.  In  consequence,  all  sets  AVj,J  = 1, are  also  in  M[Gq],  since  each 
jLo-polyhedron  is  an  element  of  Ai. 

Now,  in  M[Go],  we  can  identify  Pi  with  P using  a bijection  u co Eq  in  M; 
^ extends  naturally  to  an  isomorphism  : Pi  — >•  P given  by 


Since  e M,  G[  = ^*“Gi  is  P-generic  over  M[Go],  and  Ad[G'o][G'J  = M[G].  The 
union  G\  is  a function  g'  : lo  ^ ‘^Q. 

We  can  also  define  a bijection  : A>  ->  u),  given  by  m' , where  m!  is  the 

unique  number  such  that 


G'{m')  = Gi  (m)  o 
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Claim:  C Xf  is  the  intersection  of  a basic  neighborhood  with  AV  if  and  only  if 

^*“A^  is  a basic  neighborhood  of  (o>,r)  as  computed  in  (Ad[Go])[G"i]. 

To  prove  the  claim,  let  A^  = XfOXw,  where  W is  an  open  i^iv-polyhedron  and 
we  can  assume  (by  increasing  the  dimension,  if  necessary)  that  Ew  D Eq.  Let  IT  be  a 
full-dimensional  open  polyhedron  in  such  that  F “W  = W.  We  have  that  the 
intersection  W fl  jg  full-dimensional,  open  polyhedron  in  the  hyperplane 

Ew-^Eoq^  Since  the  map 

C ■ {tjij  £ Ew  \ Eq)  !->•  {t'j  = j G C ^{Ew  \ Eq)), 
'i{t„jeEw^Eo)e^^^^°Q 

is  just  a relabeling  of  the  axes,  it  is  a linear  isometry,  and  consequently  the  image  of 
W n ^w'-£'oq  ig  full-dimensional,  open  polyhedron  in  ^ projection 

under  Fe^^^Eq  of  that  image  is  an  open  ^~'-{Ew  \ £'o)-polyhedron  W'\  we  have  that 

^*“A  ={m'  : cr'(m')  = ai{m)  and  m E X] 

={m'  : a\m')  = ai{m)  o ^ and  cri(m)  ( Ew  E W and  Oi{m)  f Eq  = r } 

= {m':a'(m')  ( \ ^o)  G VL'}, 

and  this  is  just  Xw'  as  computed  in  Therefore,  it  is  a basic  neighbor- 

hood of  (u,t)  as  computed  in  (Ad[G'o])[Gj]. 

For  the  other  direction  of  the  claim,  assume  that  ^“X  is  a basic  neigborhood 
AV'  of  (uj,t}  as  computed  in  (Ad[Go])[G'i],  where  W is  an  open  Eu^'-polyhedron. 
Reversing  the  process  above,  we  can  obtain  an  open,  full-dimensional  polyhedron 
IT"  in  the  hyperplane  of  the  space  From  IT'  we  can  obtain  a 

full-dimensional  polyhedron  IT  in  ^ouc“Eh„q  taking 

^ ~ '■  j ^ EqU  ^“F/vv")  : {tj)  f E\\ri  E W"  and  0 < < IVji  E Eq. 
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Then,  “IT  is  an  open  Eq  U ^“Evv^/-polyhedron  and  AV  H Xf  (computed  in 

AdfC])  is  equal  to  AV'  (computed  in  (Ad[G'o])[Gi]).  This  finishes  the  proof  of  the 
claim. 

We  use  the  claim  to  prove  that  the  cover  C of  Xs^  = Xf  has  a finite  subcover. 
The  set 

C = “A  : A G C] 


is  a cover  for  (a;,  r)  as  computed  in  (Ad[Go])[G'i].  Since  C is  definable  from  Wi, . . . , 
and  these  are  all  elements  of  Ad[Go],  we  can  apply  Lemma  17  to  obtain  a finite  sub- 
cover C'  C C for  uj.  Then,  the  set  {A^  € C : ^*‘LA  G C']  is  a finite  subcover  for 
As,. 

This  finishes  the  initial  case. 

Now,  for  the  inductive  step,  the  inductive  hypothesis  allows  us  to  find  a finite 
subcover  for  each  one  of  the  (finitely  many)  simplices  that  form  the  homological 
boundary  of  the  given  simplex  Si.  All  that  remains  is  to  cover  the  part  of  the  interior 
of  Si  not  covered  yet  by  the  covers  of  the  homological  boundary. 

For  this  argument  we  adapt  the  techniques  from  Lemmas  15  and  17. 

Let  T be  the  complex  obtained  as  the  union  of  all  simplices  that  contain  Si  (this 
can  be  called  star(5,;  A),  where  K is  the  triangulation  of  the  space;  see  Appendix  B 
for  the  definition  of  star  in  the  Euclidean  case) . We  have  three  cases: 

Case  1:  1 < dim(5i)  = |£'o|.  In  this  case,  T=Si. 

The  proofs  of  Lemmas  15  and  17  can  be  adapted  to  work  inside  S^.  That  is,  we 
can  find  finite  subsets  £’i,d  of  cj  such  that  Ei  D Eq,  and  for  every  open  A-simplex 
W with  E D El,  if  VF  D Si  and  AV  H d = 0,  then  AV  G C'  = {A"  Pi  AV  : X G C}. 
The  key  lies  in  the  fact  that  all  the  piecewise  linear  homeomorphisms  needed  in  the 
argument  can  be  taken  such  that  the  complement  of  Si  and  the  boundary  of  Si  are 
fixed.  This  way,  all  these  homeomorphisms  leave  invariant  each  one  of  the  parameters 
AVi,  • • • , AV,,  and  we  can  avoid  the  assumption  that  all  the  parameters  are  in  the 
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Figure  2.2:  The  set  W (three-dimensional  view) 

ground  model.  After  repeating  the  proof  of  Lemma  17  in  this  setting,  the  final  result 
is  that  we  find  a finite  cover  for  the  interior  of  Si. 

Case  2:  1 < dim(5j)  < iFiol- 

The  whole  argument  from  Case  1 could  be  carried  out  inside  the  hyperplane  that 
contains  Si  (notice  that  only  elements  in  the  interior  of  Si,  with  respect  to  the  hy- 
perplane, would  be  moved),  if  we  could  extend  the  piecewise  linear  homeomorphisms 
in  the  hyperplane  to  the  entire  space.  To  show  how  this  extension  is  achieved,  we 
lift  the  complex  T up  to  a cube  of  side  1 in  ^°Q.  The  objects  will  be  called  V 
and  5';  we  have  that  T'  = star  (A';  K'),  where  K'  is  the  induced  triangulation  of  the 
cube.  Using  Lemma  2 of  Appendix  B,  we  obtain  that  all  the  needed  piecewise  linear 
homeomorphisms  can  be  extended  to  the  whole  cube,  and  then  projected  to 

If  W is  an  open  polyhedron  contained  in  Si  (open  with  respect  to  the  hyperplane 
determined  by  Si),  we  define 

= Feo  “{«^o  + /5ri  : a -f  /?  = 1,  a,  /3  > 0,  Fo  e W, 

and  fi  is  in  a subsimple  of  T disjoint  from  5-} 

where  W is  a polyhedron  contained  in  5'  such  that  Teo'W  = W.  We  define  now  a 
subcover  of  C which  is  easier  to  handle: 
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Clearly,  C is  closed  under  subsets  of  the  form  ^ • Using  piecewise  linear 

homeomorphisms  like  o where  0 is  defined  as  above,  we  can  repeat  the 

argument  for  Case  1,  and  find  a finite  subcover  of  C for  the  interior  of  Si. 

Case  3:  dimS'i  = 1. 

The  problem  in  this  case  is  the  same,  whether  |Eo|  = 1 or  not.  It  arises  if  the  set 
d of  numbers  involved  in  the  forcing  condition  used  is  not  empty,  because  in  this  case 
the  proof  of  Lemma  16  fails:  there  is  no  path  connecting  simplices  on  opposite  sides 
of  a point  r such  that  an  element  of  d appears  in  Xf. 

To  avoid  this  problems,  we  increase  the  dimension  to  2.  Here  we  can  apply  the 
techniques  from  either  one  of  the  cases  above  to  find  a finite  cover  for  the  interior 
of  Xs^■  Notice  that  this  argument  is  not  circular:  the  inductive  hypothesis  for  the 
2-dimensional  case  was  used  only  to  cover  the  homological  boundaries  of  the  simplex; 
here,  we  are  using  the  techniques  described  above  to  cover  the  interior. 

This  finishes  the  proof  of  the  existence  of  a finite  subcover  for  the  general  case, 
proving  that  (o;,r)  is  compact. 

Finally,  to  prove  connectedness,  we  need  a last  lemma. 

Lemma  18.  Let  A be  a non-empty  open  set  in  u.  Then  there  exists  E C to  finite, 
and  E-polyhedra  Wi, , Wy_  such  that 


Avvi  U ■ • • U Aw„  C A 

and 

A \ AVi  U • • • U AV„  = A^5i  U ■ • • U Xs„ 

where  Si, . . . ,Sy  are  simplices  in  of  dimension  strictly  lower  than  |i?|. 

Proof.  Let  C = {A"  e B : X C A}.  C is  closed  under  subsets  in  B]  let  AVi,  • . . , AV, 
be  the  parameters  used  in  the  definition  of  C,  and  take  E large  enough  for  Ui, ...  ,Ut 
to  be  if-polyhedra.  Produce  a triangulation  of  of  that  also  triangulates  every  Uj, 
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as  in  the  proof  of  compactness  above.  Let  {Wi,. . . , VF„}  be  the  set  of  simplices  in 
the  triangulation  that  have  non-empty  intersection  with  A.  There  is  an  element  of  C 
contained  in  each  one  of  {Wi, . . . , 1T„}.  By  arguments  as  in  the  proof  of  Lemma  15, 
every  element  inside  each  Xwj  can  be  covered  by  an  element  of  C,  except  may  be  a 
hnite  set.  Therefore,  A consists  of  a union  of  the  basic  neighborhoods  Xw^, . . . , Xw^, 
plus,  may  be,  hnitely  many  sets  of  the  form  Xs,  where  S is  the  (|£'|  — /)-dimensional 
simplex  shared  by  /-|-1  members  of  {ITi, . . . , 1T„},  without  the  homological  boundary. 
To  this,  we  might  substract  a hnite  number  of  interior  points  left  out  above  (in  sets 
like  d from  Lemma  15).  □ 

Now  we  are  able  to  prove  connectedness.  Given  an  open  set  T,  we  just  saw  that 
it  is,  essentially,  a hnite  union  of  basic  neighborhoods.  If  we  take  the  closure  of  A,  it 
is  the  union  of  the  closures  of  the  hnitely  many  open  sets  that  conform  it.  But  since 
the  closure  of  Xw,  for  W an  open  jL-polyhedron,  is  X^^,  where  W is  the  closure  of 
W in  the  only  case  when  the  closure  of  A is  equal  to  A is  when  A is  the  whole 
space.  This  means  that  co  is  the  only  non-empty  clopen  set,  that  is,  that  the  topology 
on  uj  is  connected.  □ 


CHAPTER  3 

JONSSON  CARDINALS  AND  SINGULARITY 
3.1  Introduction 

Mitchell  [Mit99]  proved  that  if  there  is  no  inner  model  with  a Woodin  cardinal 
and  the  Steel  core  model  K exists,  then  every  Jonsson  cardinal  (in  V)  is  a Ramsey 
cardinal  in  K\  furthermore,  if  a;  is  a (i- Jonsson  cardinal  in  V and  S is  regular  in  V, 
then  K is  a 5-Erdds  cardinal  in  K.  The  same  results  are  obtained  in  the  absence  of 
the  Steel  core  model  K if  some  extra  assumptions  are  made. 

In  the  same  paper  it  is  asked  how  can  these  results  be  generalized  to  include 
singular  cardinals.  This  chapter  deals  with  one  of  the  possible  cases,  namely,  when 
5 is  singular.  However,  in  order  to  simplify  the  arguments,  we  will  assume  stronger 
hypotheses  that  allow  us  to  use  the  theory  of  the  core  model  for  sequences  of  measures. 
This  way  we  avoid  the  need  to  use  iteration  trees  while  at  the  same  time  we  retain  the 
essential  features  of  the  arguments.  It  seems  plausible  that  the  results  obtained  here 
can  also  be  obtained  using  hypotheses  similar  to  those  of  Mitchell  [Mit99],  especially 
since  the  structure  of  the  proof  here  follows  closely  that  of  the  proof  in  that  paper. 
It  must  be  mentioned  that  the  proof  presented  here  is  just  an  extension  of  the  proof 
in  Mitchell  [Mit99],  and  that  most  of  the  machinery  used  comes  from  that  and  other 
papers  by  Mitchell.  Also,  we  are  indebted  to  him  for  his  many  suggestions  and 
guidance  in  the  development  of  this  proof. 

3.2  Basic  Concepts 

Definition  1.  If  < k are  cardinals,  then  k is  said  to  be  5-J6nsson  if  for  each  first 
order  structure  M in  a countable  language  with  universe  k there  exists  an  elementary 
substructure  A!  A with  universe  A'  ^ k such  that  the  order  type  of  A'  is  J. 


63 


64 


Notice  that  according  to  this  definition,  k is  K-Jonsson  if  and  only  if  it  is  a Jonsson 
cardinal. 

Definition  2.  If  5 < k are  cardinals,  then  k is  said  to  be  5-Erdds  if  for  every  structure 
Ain  a countable  language  with  universe  k,  and  for  every  closed  unbounded  subset  C 
of  K,  there  is  a set  D C C of  order  type  5 which  is  a normal  set  of  indiscernibles  for 

In  this  setting,  a normal  set  of  indiscernibles  is  a set  D such  that  for  every  n-ary 
function  / which  is  definable  in  A without  parameters,  either  f{d)  > do  for  every 
d = {do, . . . , dn-i)  e [DT,  or  else  the  value  of  f{d)  is  constant  for  d 6 [D]”. 
Proposition  3.  Every  5-Erdds  cardinal  k such  that  cof(n)  > uj  is  5- Jonsson. 

Proof.  Let  k be  5-Erdds  and  let  ^ be  a first  order  structure  over  a countable  language, 
with  universe  k. 

Assume  without  loss  of  generality  that  A has  Skolem  functions.  The  set  C of 
ordinals  u < k which  are  closed  under  the  Skolem  functions  is  closed  unbounded, 
since  cof(n)  > m.  Let  D C C be  a normal  set  of  indiscernibles  for  A. 

Since  D C C,  the  Skolem  hull  'H^{D)  is  contained  in  sup(D).  The  fact  that  D is 
a normal  set  of  indiscernibles  implies  that  the  set 

F{D)  = : / is  a Skolem  function  of  A} 

satisfies  that  for  all  u < sup(D),  \F{D)  ru^|  < |D  n • Kq  < 5.  Similarly,  if  we  define 

F\D)  = F{D) 


and 


F^^\D)  = P(F"(D))  = U(  f“F'^{D)  : / is  a Skolem  function  of  A}, 

then  we  have  that  for  each  n E u and  for  each  n < sup(D),  the  set  F'^{D)  satisfies 
that  |F"(D)  n z/|  < |D  n • No  < 5.  Therefore  the  set  PL-^(D)  = \Jneuj 
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satisfies  that  \'H'^{D)  n < |D  n • Kq  < 5 for  each  u < sup(D),  and  we  can 
conclude  that  V.-^{D)  has  order  type  5.  Since  -<  A,  we  have  proved  that  k.  is 

5-J6nsson.  □ 


3.3  The  Theorem 

Theorem  4.  Assume  that  for  all  cardinals  r],  o{r])  < , and  let  K = L^]  be  the 

core  model  for  sequences  of  measures.  Let  S < k be  cardinals  such  that  u < cof(<5)  < 

5 < cof(«;),  and  assume  that  k is  S-J6nsson.  Then,  at  least  one  of  the  following  is 
true: 

1.  K is  S -Erdos. 

2.  The  set  L of  cardinals  X with  cof(A)  = cof(5)  which  are  limits  of  measurable 
cardinals  in  K is  stationary  in  k. 

Proof.  Let  k be  a 5-J6nsson  cardinal.  Let  C G /L  be  a club  set  of  k,  and  A a structure 
on  a countable  language  with  universe  k. 

Proposition  5.  There  is  a set  X,  with  {5,k,C,A]  C X and  (X,U)  -<  such 

that  6 X but  o.t.(X  n k)  = 5. 

Proof.  First,  let  {X* ,U)  be  an  elementary  substructure  of  {H\,  U)  such  that  {5,  k,  C,  aI}U 
K C X*  and  \X*  \ = k;  such  set  can  be  found  by  taking  the  Skolem  hull  of  k+IuIC,  .4} 
in  {H,,U). 

Now  let  f : K = X*  he  a,  bijection,  and  code  the  structure  {X* ,U)  into  a structure 
with  universe  k.  We  extend  that  structure  to  a structure  B that  has  function  symbols 
interpreted  by  f~^  \ k and  f C\  (k  x k).  Thus,  it  Z ^ B,  then  f~^Z  C Z,  and  that 
means  that  /“Z  (which  is  the  universe  of  an  elementary  substructure  of  (X*,U)), 
satisfies  Z C /“Z.  So  k n / “Z  D Z.  But  also,  if  o G k n /“Z,  then  o G Z,  since  Z is 

closed  under  f n{K  x k).  Therefore,  fl  /“Z  = Z,  for  all  Z -<  B. 

If  5 = K,  then  k is  Jonsson,  and  B has  an  elementary  substructure  Z such  that 

\Z\  = K but  Z A 1^-  If  5 < «:,  then  B has  an  elementary  substructure  Z such  that 
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o.t.(A^)  = 6.  Since  5 e f^^Zr\K  — Z,  we  cannot  have  6 C Z]  since  in  that  case  we 
would  have  o.t.(Z)  > 5.  If  we  take  X = f“Z,  then  {X,U)  -<  {H\,U),  and  X Hu  = Z, 
so  o.t.(A  n k)  = 5.  □ 

We  use  the  previous  proposition  to  obtain  X with  the  prescribed  properties.  Let 
N be  the  transitive  collapse  of  X,  with  collapsing  map 

tt:  N^X. 

Then,  crit(7r)  = min(K  \ X)  < 5.  Also,  notice  that  k,  is  collapsed  to  5,  so  7t(5)  = k. 

Set  W = 7t“^(A  n K).  We  will  run  a comparison  between  W and  K,  with 
iterations  (Xiu)  on  K and  on  W]  however,  this  comparison  will  have  non- 

standard characteristics.  The  following  diagram  shows  the  iterations  involved: 


K = Mo- 
W = Mo- 

7T 

'' 

K = Mo-. 

The  wavy  arrows  express  the  fact  that  the  corresponding  embeddings  might  be 
undefined  for  a particular  pair  v'-,  this  happens  when  there  is  a drop  (that  is,  a 
stage  7 such  that  the  embedding  from  from  the  7-th  model  to  the  7 + 1-st  model  is 
not  defined)  between  the  v-th.  and  the  v'-th.  stages  of  the  iteration. 

The  iterations  {M^)  and  {My)  are  standard,  but  the  iteration  {My)  is  specially 
defined.  We  will  define  all  of  them  simultaneously  by  induction  as  a comparison 


My 


■My> 


process. 
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3.4  Construction  of  the  Iterations 

Let  A4o  = K,  Afo  = W,  and  Afo  = K;  also,  let  tto  = tt:  A/o  — t A/q.  Suppose  that 
during  the  course  of  the  recursion  we  have  already  defined  initial  segments  {A4u)u<(t>, 
{Afu)u<e,  and  {Afv)u<ei  as  well  as  elementary  embeddings  tTi/:  Afu  Aft,  for  all  v < 
6.  We  also  assume  that  there  exist  final  segments  of  each  iteration  for  which  the 
elementary  embeddings  : A4^  —>■  Ad^/,  for  u < u'  < (j),  j^y : Afi,  Afu',  for 
u < u'  < 6,  and  juy : Afu  Afu',  for  u < u'  < 9,  are  all  defined  and  form  directed 
systems,  while  the  embeddings  tt^,  piu'  commute  with  the  embeddings  juy  and  juy. 
This  assumption  will  be  shown  to  hold  during  the  recursive  definition  by  checking 
that  there  are  only  finitely  many  drops  before  each  stage. 

At  the  next  stage  we  extend  one  or  both  of  the  iterations,  depending  on  which  of 
the  following  three  cases  occurs. 

Case  1.  At  least  one  of  </>  or  0 is  a limit  ordinal. 

If  0 is  a limit  ordinal,  then  let  Afe,  Afe,  and  -kq  be  the  transitive  collapse  of  the 
direct  limits.  The  direct  limit  of  {Afu),  u < 9,  is  well  founded  because  the  iteration 
{Afu)  is  standard  and  K is  iterable.  Since  the  embedding  tt^,  defined  as  the  direct 
limit  of  the  embeddings  -Ku,  i'  < 9,  maps  the  direct  limit  of  {Afu)  into  the  direct  limit 
of  {Afu)  while  preserving  membership,  we  obtain  that  the  direct  limit  of  {Afu)  is  also 
well  founded. 

If  0 is  a limit  ordinal,  we  cannot  conclude  immediately  that  the  next  iteration 
works,  because  it  is  a non-standard  iteration.  We  will  use  the  following  lemma;  the 
proof  is  similar  to  that  of  Lemma  3.2  in  Mitchell  [Mit99]. 

Lemma  6.  Assume  that  7 is  a limit  ordinal,  and  that  the  models  A4u,  < 7,  are 
obtained  using  the  non-standard  iteration  {A4u),  with  embeddings  iuy  defined  for  all 
u,u'  < ^ such  that  u,  u'  are  larger  than  the  last  level  where  there  was  a drop.  Then 
the  direct  limit  of  the  directed  system  {A4u,iu'y  ' n,u'i'")  is  a well-founded  model. 
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As  usual,  we  define  Mj  as  the  transitive  collapse  of  the  direct  limit  of  i^'y'  ■ 
uu'u"). 

This  concludes  Case  1.  In  the  remaining  cases  both  0 and  6 are  successor  ordinals, 
say,  (j)  = 'j  + 1 and  0 = 7'  + 1.  Let  a be  the  largest  ordinal  such  that  A4j  and  My 
agree  up  to  a.  Also  let  a = sup  Try  “a,  and 

71  = ult(Ad-^,  TTy , a)  = {[a,/]  : a G [a]‘^‘^  and  / G Ad^} 

(the  definition  of  this  kind  of  ultrapower  is  given  in  Mitchell  [Mit99]). 

Case  2.  Ad^  is  a proper  class  and  7Z  is  not  iterable. 

This  is  the  case  that  makes  the  iteration  (Ad^)  non-standard.  We  have  the  follow- 
ing lemma,  which  can  be  proved  in  a similar  way  as  Lemma  3.3  of  Mitchell  [Mit99]. 
Lemma  7.  If  7Z  = ult(Ad-),,  Try , a)  is  not  iterable,  then  there  is  a substructure  Q of 
M-y,  with  a C Q and  \ Q\  = |al,  such  that 

ult(Q,  Try,  a) 

is  not  iterable. 

The  case  hypothesis  asserts  that  the  hypothesis  of  Lemma  7 holds.  We  define 
then  Ad<^  to  be  the  transitive  collapse  of  Q as  obtained  from  the  lemma.  We  call  this 
a special  drop  and,  as  with  other  drops,  we  leave  the  embedding  undefined  for 
u < (j).  Also,  we  call  the  pair  {7,  0}  = {7, 7 -h  1}  a special  pair. 

Case  3.  Cases  1 and  2 do  not  hold. 

This  part  of  the  definition  is  completely  standard.  If  either  Ad.y  or  My  is  an  initial 
segment  of  the  other,  the  iteration  stops.  Otherwise,  let  f be  the  least  ordinal  such 
that  either 

1.  or 

2.  ^ G dom(Zd-^^)  \ dom(Zd-^V ),  or 

3.  ^ G dom(ZY'^'^)  \ dom(W-^^). 
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Then  we  use  U^''  and  U^'"'  to  define  the  models  and  My+\  as  in  the  standard 

comparison.  After  this,  we  use  the  embeddings  ■k^,v  < 6,  and  the  shift  lemma  of 
Martin  and  Steel  [Mar94]  to  define  A/’y+i  and  7Ty+i. 

3.5  The  Indiscernibles  Generated  by  (M.u) 

Lemma  8.  The  iteration  (Aiu)  has  length  5 + 1. 

Proof.  Let  0 + 1 be  the  length  of  the  iteration  (A4^),  and  ^ + 1 the  length  of  the 
iteration  (AO).  The  initial  models  cannot  strongly  agree  up  to  5,  so,  by  the  proof  of 
the  Comparison  Lemma,  (f),6  < 6. 

Claim  9.  The  final  models  and  AO  have  cardinality  at  least  5,  and  hence  agree 
up  to  5. 

Proof  of  the  claim.  We  have  that  the  starting  models  have  cardinality  at  least  5.  If 
one  of  the  final  models  has  cardinality  less  than  5,  in  particular  the  one  that  is  an 
initial  segment  of  the  other  has  cardinality  less  than  S,  and  therefore  there  is  a drop 
in  the  corresponding  iteration.  This  is  impossible  in  a standard  iteration;  we  will 
check  that  it  leads  to  a contradiction  in  this  case  too. 

First,  assume  that  there  is  a standard  drop  in  (Ad^).  Then  there  is  a subset  x 
of  the  projectum  p of  Ad^+i  which  is  definable  in  Adj/+i  but  is  not  a member  of  the 
corresponding  model  in  the  iteration  (AC).  If  i^  + 1 is  the  last  place  where  a standard 
drop  happened,  then  exists  and  it  is  the  identity  when  restricted  to  p.  Then  x 

is  definable  in  Ad^,  and  not  a member  of  AC;  therefore,  Ad^  is  not  an  initial  segment 

of  AC- 

A similar  argument  works  when  there  are  standard  drops  in  (AC)-  If  there  are 
standard  drops  in  both  in  both  iterations,  then  the  argument  above  shows  that  the 
final  models  for  both  iterations  are  equal,  and  a slightly  more  complicated  argument, 
looking  at  the  last  place  at  which  either  of  the  trees  drop,  shows  that  this  leads  to  a 


contradiction. 
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Now,  assume  that  there  are  no  standard  drops  in  either  iteration.  Then,  if 
we  assume  that  there  is  a special  drop  in  {M-i)  at  the  7-th  stage,  we  have  that 
TZ  = uIt(Ad.y,  7Ty , a),  is  not  iterable,  where  7'  is  the  corresponding  stage  in  (A^)  and 
a = sup7r“o;  and  a is  the  largest  ordinal  such  that  and  A/"y  agree  up  to  a.  Con- 
sequently, ult(Al,ji,  7T0, 5)  is  not  iterable.  We  conclude  then  that  cannot  be  an 
initial  segment  of  Mg:  if  it  were,  we  have  that  ult(Al0,  tto,  (5)  can  be  embedded  into 
ult(A/6/,  TTe,  5),  and  that  means  that  ult(A0,  tt^,  5)  is  not  iterable.  But  this  ultrapower 
is  embedded  in  Mg,  which  is  a standard  iterate  of  K.  This  contradicts  the  iterability 
properties  of  K.  □ 

Now,  in  order  to  prove  Lemma  8,  we  notice  that  if  there  is  any  drop  in  {Mv), 
then  the  iteration  has  length  5,  since  the  result  of  every  single  step  ultrapower  has 
the  same  cardinality  as  its  predecessor. 

So,  for  the  rest  of  the  proof  of  this  lemma,  assume  that  there  are  no  drops  in 
{Mu)',  consequently,  M^  is  a weasel.  If  we  set  5 = (jTre"^  and  77  = VL\i{M,j>,'Kg,5) 
then,  by  the  construction  of  the  iteration  {Mu)  we  have  that  77  is  iterable.  Therefore, 
we  can  compare  the  models  77  and  Mg  using  iterations  {TZu)  on  77q  = 77  and  {Su)  on 
Mg. 

Claim  10.  1.  There  are  no  drops  on  either  {TZu)  or  {Su). 

2.  The  iterations  (77j.),  {Su)  have  the  same  last  model. 

Proof.  For  (1),  suppose  first  that  there  is  a drop  in  {Su).  Notice  that,  since  we  are 
assuming  that  there  are  no  drops  in  {Mu),  there  is  an  elementary  embedding  from  K 
into  77,  and  therefore  77  is  universal.  Since  there  is  a drop  in  {Su)  then  the  final  model 
of  {TZu)  is  an  initial  segment  of  the  last  model  of  {Su).  But,  since  this  comparison  is 
standard,  there  can  be  drops  in  at  most  one  of  the  two  iterations.  Therefore,  there 
are  no  drops  in  (77^),  and  since  77  is  a proper  class,  then  the  final  model  of  {TZu) 
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is  a proper  class.  That  means  that  the  final  model  of  (S^)  is  also  a proper  class, 
contradicting  the  assumption  that  there  is  a drop  in  (S^). 

Suppose  now  that  there  is  a drop  in  (77^).  In  this  case,  there  are  no  drops  in 
the  iteration  {S„)  and  its  last  model  is  an  initial  segment  of  the  last  model  of  {TZu). 
However,  the  model  5o  = Me  is  a proper  class,  since  there  are  no  drops  in  (AC): 
otherwise,  there  is  also  a drop  in  (AC),  and  that  means  that  Ml^  is  an  initial  segment 
of  AC,  which  is  impossible  because  Ad^  is  a proper  class.  Therefore,  there  is  an 
elementary  embedding  from  K into  the  weasel  »So  = AC,  and  we  can  repeat  the 
argument  from  the  previous  paragraph  to  get  a contradiction. 

For  (2),  it  is  enough  to  notice  that  we  have  embeddings  t = o o and 
s — M’')  o iM)  from  K into  the  final  models  of  {IZ^)  and  (<S^),  one  of  which  is  an 
initial  segment  of  the  other.  By  Lemma  2.8(3)  from  Mitchell  [Mit99],  we  conclude 
that  the  two  final  models  are  equal,  and  that  t = s.  This  finishes  the  proof  of  the 
claim.  □ 

The  following  diagram  describes  the  situation: 


K K 

As  we  have  seen,  s and  t have  the  same  critical  point  p,  s{p)  = t{p)  and  t \ V{p)  — 
s \ V(p). 

We  claim  that  s{p)  > S.  Suppose,  to  the  contrary,  that  s{p)  < S and  let  U be 
the  first  ultrafilter  used  in  the  iteration  (AC)-  Then  p = crit(f/),  and  U = 
where  U is  the  first  ultrafilter  used  in  the  iteration  (AC)-  Now  let  ^ = crit(7r)  = 
crit(Tri)  = crit(7T0);  since  t = o yr^  o we  have  that  p — crit(t)  < It 

follows  that  p < ^ since  p — crit({7)  = 7r(crit(f/))  and  ^ ^ range(Tr).  Now,  since 
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p = crit(t)  < crit(z^^‘'^  o tt^),  it  follows  that  p = crit(i^'^’'^),  therefore  the  iteration 
{Mu)  starts  with  an  ultrapower  using  an  ultrafilter  U'  such  that  crit(f/')  = p.  But 
since  t \ V(p)  = s \ V{p),  and  tt  is  the  identity  below  it  follows  that  U'  = U]  this 
contradicts  the  construction  of  the  comparison. 

Therefore,  s{p)  > 5.  Since  o irg  o = t{p)  = s{p)  > S and  ( S is 

the  identity,  we  have  that  o consequently,  > 5.  This  implies 

the  existence  of  a proper  extender,  which  we  have  ruled  out  by  assuming  that  for  all 
cardinals  p,  o{p)  < . 

This  contradiction  leads  us  to  conclude  that  there  is  a drop  in  {Mu)- 

This  finishes  the  proof  of  Lemma  8.  □ 

Corollary  11.  There  is  no  drop  in  {Afu). 

The  proof  is  the  same  as  Mitchell’s  [Mit99]. 

At  this  point  there  are  two  possibilities: 

Case  1.  There  is  an  ultrafilter  in  {Mu)  that  is  iterated  cofinally  many  times. 

In  this  case  it  can  be  proved,  using  the  proof  for  Corollary  3.10  in  Mitchell  [Mit99], 
that  i^^g'''^“S  C S and  there  is  a closed  and  unbounded  subset  / of  <5  satisfying  the 
following  conditions: 

1.  u E I then  u = crit(i^'^‘'^). 

2.  M E I with  V < v'  then  u'  = il^,''\i'). 

3.  U u E I then  C v. 

4.  Every  member  of  I is  regular  in  IT,  and  is  a limit  member  of  7t~^(C'). 

Since  this  set  of  indiscernibles  was  constructed  using  the  same  ultrafilter,  it  is  a set  of 
true  indiscernibles.  Therefore,  they  can  be  used  to  find  the  normal  set  of  indiscernibles 
for  A.  The  order  type  of  I is  5. 

Case  2.  For  every  ultrafilter  in  IT  there  is  an  ordinal  (5  < 5 such  that  the  ultrafilter 
is  iterated  less  than  /?  times. 
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In  this  case,  every  time  an  ultrafilter  U in  the  iteration  (AO)  stops  being  iterated, 
it  means  that  the  image  of  U matches  an  ultrafilter  in  the  iteration  (M^)-  That  is, 
if  the  comparison  process  is  at  the  stage  corresponding  to  the  models  AOo  and  Ad„i 
when  the  image  U'  of  U is  no  longer  used  to  construct  the  ultrapowers  in  the  iteration 
(AO),  we  have  that  U'  is  in  both  AOo  and  Therefore,  the  critical  point  of  U' 

is  a measurable  cardinal  in  AOo;  since  further  iterations  do  not  affect  U',  we  have 
that  the  critical  point  of  U'  is  a measurable  cardinal  in  the  final  model  AO-  Since 
there  are  no  drops  in  the  iteration  (AO)  (again,  using  the  proof  of  Corollary  3.10  in 
Mitchell  [Mit99]),  we  have  that  W is  elementarily  embedded  in  the  final  model  of 
the  iteration.  Hence,  since  the  iterations  do  not  move  we  have  that  5 is  a limit  of 
measurable  cardinals  in  W. 

Now,  sup7r“(5  = sup  (A  Hac).  Since  C € A and  A is  an  elementary  substructure  of 
a segment  of  V that  contains  k,  we  have  that  C is  closed  unbounded  in  A n k.  This 
implies  that  sup(A  n ac)  G C.  But  by  elementarity  of  tt,  sup(A  n At)  is  the  limit  of 
cof(5)  measurable  cardinals.  Since  C was  chosen  arbitrarily,  we  obtain  that  the  set 
of  limits  of  cof((i)  measurable  cardinals  is  a stationary  subset  of  At  in  K. 


This  ends  the  proof  of  Theorem  4. 


□ 


CONCLUSIONS 


The  three  topics  considered  in  this  work  are  quite  different,  but  there  is  a common 
theme:  the  somewhat  unusual  behavior  of  well  studied  objects  and  concepts  under 
different  assumptions  about  the  set  theoretical  universe. 

From  the  study  of  finiteness  in  Chapter  1 we  saw  that  even  a concept  so  intuitively 
clear  as  the  concept  of  finite  set  lends  itself  to  different  interpretations  when  the 
regulating  influence  of  AC  is  missing.  Although  many  of  the  notions  of  finiteness 
considered  cannot  be  taken  as  reasonable  definitions,  some  of  the  results  arising  from 
our  study  of  the  principles  C(Q)  can  be  interpreted  as  providing  a missing  factor 
that  makes  some  of  the  alternative  notions  to  be  equivalent  to  the  usual  definition  of 
finiteness.  For  example,  C(VII),  C'(IV),  (^(As),  and  C(Ia)  turn  out  to  be  equivalent 
to  £'(1,  VII),  £(I,  IV),  £(I,  A3),  and  £(I,Ia),  respectively.  However,  this  results  do 
not  produce  new  definitions  of  finiteness  equivalent  to  notion  I,  since  the  implications 
C(Q)  — > B(l,  Q)  use  C(Q)  as  a global  property,  not  a property  of  a given  set  (that 
is,  the  proofs  use  the  fact  that  all  Q-finite  families  have  a choice  function). 

The  unusual  topological  spaces  presented  in  Chapter  2 show  how  important  is 
AC  in  topology.  One  interesting  feature  is  that  the  methods  used  to  produce  the 
examples  could  be  used  to  obtain  other  countable  spaces  with  interesting  properties. 
For  example,  we  have  obtained  a model  of  ZF  where  there  is  a countable  topological 
space  which  is  not  compact,  but  in  which  every  infinite  subset  has  a complete  accu- 
mulation point  and  every  nest  of  non-empty  closed  sets  has  a non-empty  intersection. 
Under  AC,  both  these  statements  are  equivalent  to  compactness. 

Chapter  3 is  different  from  the  previous  ones  because  AC  no  longer  plays  a relevant 
role.  However,  the  set  theoretical  assumptions  considered  are  more  interesting,  in  the 
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sense  that  they  represent  a change  in  consistency  strength.  The  conclusion  obtained 
— which  is  just  an  extension  of  Mitchell’s  result,  although  using  more  restrictive 
hypotheses — shows  that  the  rich  structure  of  the  core  model  can  be  used  to  bring 
to  the  forefront  the  hidden  hypotheses  involved  in  postulates  like  the  existence  of 
Jonsson  cardinals. 


APPENDIX  A 
CARDINAL  NUMBERS  IN 
SET  THEORY  WITHOUT  CHOICE 

In  this  appendix  we  offer  the  definitions  and  some  of  the  elementary  properties  of 
cardinal  numbers,  their  order,  and  the  operations  on  them.  We  follow  Jech  [Jec73]; 
the  reader  is  referred  to  the  original  for  a complete  exposition  of  the  subject. 


A.l  Definition  of  Cardinal  Numbers 

The  basic  notion  is  that  of  equivalence:  two  sets  are  equivalent  if  there  exists  a 
one-to-one  function  from  one  onto  the  other.  The  underlying  idea  is  that  two  sets 
have  the  same  size  if  and  only  if  they  are  equivalent. 

In  order  to  define  cardinal  numbers,  that  is,  objects  that  correspond  univocally 
to  each  size,  we  would  like  to  use  the  equivalence  classes  themselves.  However,  each 
equivalence  class  turns  out  to  be  a proper  class;  this  is  quite  a limitation,  since  we 
cannot  formally  deal  with  arbitrary  sets  of  proper  classes,  and  therefore  we  can  at 
most  perform  Unitary  operations  on  cardinal  numbers.  The  definition  avoids  this 
problem  by  using  the  division  of  the  set  theoretic  universe  in  ranks. 

Definition  1.  Let  x be  a set.  We  define  the  cardinal  number  (or  simply  the  cardinal) 
of  X as  the  set  |x|  given  by 


1^1  = {y  • y is  a set  of  minimal  rank  such  that 
there  exists  a one-to-one  map  from  x onto  y} 


(1) 


This  definition  also  works  in  ZFA,  as  long  as  the  class  of  atoms  is  a set.  If  there 
is  a proper  class  of  atoms,  then  the  cardinal  numbers  defined  above  can  be  proper 
classes,  and  even  more,  there  is  a model  of  ZEA  (constructed  as  a permutation  model. 
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but  having  a proper  class  of  atoms)  where  it  is  impossible  to  define  cardinal  numbers 
as  sets  (see  Jech  [Jec73]). 

We  remark  that  in  this  dissertation  we  assume  that  the  class  of  atoms  in  the 
models  of  ZFA  is  always  a set.  Therefore,  we  can  use  the  definition  above 

A.2  Ordering  of  Cardinal  Numbers 

We  present  here  two  partial  orders  on  the  class  of  cardinal  numbers;  these  two 
orders  are  equivalent  under  AC. 

Definition  2.  Let  x^y  be  sets.  We  say  that 

1^1  < |y| 

if  there  exists  a one-to-one  map  from  x into  y.  We  say  that 

1^1  <*  \y\ 


if  there  exists  a map  from  y onto  x. 

The  definitions  of>,  >*,  <,  >,  < and  >*  can  be  easily  obtained  from  those 
above  in  the  usual  way. 

It  is  clear  that  |a:|  < \y  \ implies  Ixj  <*  \y\.  The  converse  implication  does  not  hold 
in  general  in  ZF  (and  ZFA).  The  Cantor-Bernstein  theorem  states  that  if  |x|  < \y\ 
and  \y\  < |x|  then  |x|  = |y|;  the  same  statement  is  not  true  in  general  if  we  substitute 
< by  <T 

A. 3 Operations  on  Cardinal  Numbers 

Finitary  operations  with  cardinal  numbers  can  be  always  defined;  however,  infini- 
tary  operations  require  the  ability  to  pick  infinitely  many  representatives,  one  from 
each  cardinal  number  involved.  We  present  the  definitions  below. 

Definition  3.  Let  a,  b be  cardinal  numbers,  and  assume  that  we  have  disjoint  sets 
a,h  such  that  la|  = a and  |6|  = b.  Then  we  define: 
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1.  a + b = |a  U 6|. 

2.  a • b = |a  X 6|. 

3.  a‘’  = |*a|. 

Notice  that  2“  = \V{a)\. 

We  must  remark  that  if  AC  fails,  the  natural  candidates  to  be  the  definition  of 
Ylfia  ^ Hie/  that  is,  | |J{a  : z G /}|  and  | ^ ^ •^}l>  respectively,  can  give 

ambiguous  results,  even  if  a set  representatives  {at,i  E /}  such  that  |aj|  = for  all 
i E I can  be  found. 


APPENDIX  B 

ELEMENTARY  CONCEPTS  OF 
PIECEWISE  LINEAR  TOPOLOGY 

In  this  appendix  we  offer  some  of  the  elementary  definitions  and  results  of  Piece- 
wise  Linear  Topology,  adapted  from  the  first  few  chapters  from  Hudson  [Hud69].  The 
reader  is  referred  to  the  original  for  a complete  exposition  of  the  subject,  although 
we  must  mention  that  we  changed  some  of  the  definitions.  The  two  lemmas  at  the 
end  of  the  appendix  are  proved  here  since  they  do  not  appear  in  that  book. 

B.l  Basic  Definitions 

We  say  that  the  points  ro,...,rfc_i  in  R"  are  linearly  dependent  (in  the  affine 
sense)  if  there  exist  real  numbers  Aq,  . . . , A^-i,  not  all  zero,  such  that 

k k 

\ri  = 0 and  Aj  = 0. 

i=0 

We  say  that  ro, . . . , in  R”  are  linearly  independent  (in  the  affine  sense)  if  they 
are  not  linearly  dependent. 

An  k-simplex  in  R"  is  the  convex  hull  of  + 1 linearly  independent  points,  called 
its  vertices.  The  convex  hull  of  any  subset  of  of  the  set  of  vertices  of  a A;-simplex  A 
is  called  a face  of  A;  each  face  of  a /c-simplex  is  a /c'-simplex,  with  k'  < k.  It  is  clear 
that  every  point  in  a simplex  A can  be  expressed  uniquely  as  a convex  combination 
of  the  vertices  of  A. 

A simplicial  complex  AT  is  a finite  set  of  simplices  such  that 

1.  \i  A E K and  R is  a face  of  A,  then  B E K,  and 

2.  If  A,  R G K,  then  AnR  = 0orAnRisa  face  of  both  A and  R. 
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Given  a simplicial  complex  K,  we  call  the  set  ||/'r||  = IJit'  C K.”  the  underlying  set 
of  K.  Against  common  usage,  we  will  call  Hit'll  a polyhedron  only  if  it  is  a connected 
subset  of  E”;  if  P is  a polyhedron  and  K is  a simplicial  complex  such  that  Hit'll  = P, 
we  say  that  P is  a triangulation  of  P. 

Given  a simplex  A,  A denotes  the  complex  whose  elements  are  A and  all  its  faces, 

. O 

A denotes  the  complex  whose  elements  are  all  the  proper  faces  of  A,  and  A denotes 
the  set  A \ H'^ll' 


B.2  Subdivisions,  Joins,  Stars  and  Links 
If  it',  L are  simplicial  complexes,  K is  called  a subdivision  of  L if 

1.  \\K\\  = \\L\\,  and 

2.  Every  simplex  of  if  is  a subset  of  some  simplex  of  L. 

Let  A,  B be  simplices  in  R" . If  the  set  of  all  the  vertices  of  A and  of  B is  linearly 
independent,  then  we  say  that  A and  B are  joinable.  The  simplex  whose  vertices  are 
those  of  A and  B is  called  the  join  of  A and  P,  and  it  is  denoted  by  A.B. 

We  say  that  two  simplicial  complexes  if,  L are  joinable  if 

1.  If  A £ if  and  B E L,  then  A,  B are  joinable;  and 

2.  If  A,A'eK  and  P,  P'  e L,  then  either  A.B  n A'.B'  = 0 or  A.B  n A'.P'  is  a 
face  of  A.B  and  of  A' .B' . 

If  if,  L are  joinable,  we  define 

if.P  = if  U L U {A.B  : Ae  K,B  e L}. 

Clearly,  K.L  is  a simplicial  complex,  and  we  call  it  the  join  of  if  and  L. 

Example.  If  A,  P are  joinable  simplices,  then  A,  P are  joinable  complexes  and  A.B  = 
AP. 

Now  let  if  be  a simplicial  complex.  If  A G if,  then  we  make  the  following 
definitions: 

1.  star(A;  if)  = {P  e if  : A is  a face  of  P}. 
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2.  star(^;  K)  — {B  G K : B is  a face  of  an  element  of  star(yl;  K)}. 

3.  link(A;  K)  = {B  E K : B and  A are  joinable  and  A.B  E K}. 

It  can  be  verified  that  star(A;  K)  and  link(A;  K)  are  complexes,  that  A and  link(A;  K) 
are  joinable,  and  that 

star(A;  K)  = A.  link(yl;  K). 

B.3  Simplicial  Maps  and  Piecewise  Linear  Maps 
If  K,  L are  simplicial  complexes,  a simplicial  map  f : K L is  a continuous  map 
/ : \ \K\  \ ||L||  which  maps  vertices  of  K to  vertices  of  L and  simplices  of  K linearly 

into  (and  therefore  onto)  simplices  of  L. 

Notice  that  a simplicial  map  is  determined  by  its  values  on  the  vertices  of  the 
domain.  Conversely,  a function  g that  assigns  to  each  vertex  of  a complex  K a 
vertex  of  a complex  L in  such  a way  that  if  Vi, ...  ,Vk  are  in  a simplex  of  K then 
g{vi), . . . ,g{vk)  are  in  a simplex  of  L,  then  there  exists  a unique  simplicial  map  / 
that  extends  g. 

We  will  define  a piecewise  linear  map  from  a polyhedron  P to  a polyhedron  P'  as 
a map  that  is  a simplicial  map  with  respect  to  some  triangulations  K,  K'  of  P and 
P'. 

Lemma  1.  Let  K,L  be  joinable  complexes.  Suppose  that  f : \\L\\  |1L||  is  a piece- 

wise  linear  homeomorphism.  Then  there  exists  a piecewise  linear  homeomorphism 
/':  ||P.L||  — > ||P-L||  that  extends  f and  is  constant  on  Hii'H. 

Proof.  Without  loss  of  generality,  we  can  assume  that  / is  a simplicial  map  from 
a subdivision  L'  of  L to  another  subdivision  L"  of  L.  It  can  be  checked  that  K is 
joinable  to  both  L'  and  L",  and  that  K.L'  and  K.L"  are  subdivisions  of  K.L.  Let  f 
be  the  simplicial  map  from  K.L'  to  K.L"  such  that 

1.  f'{A)  = A,  for  all  A E K, 

2.  f'{B)  = /(P),  for  all  B E L',  and 
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3.  f(A.B)  = A.f{B),  for  all  A G K and  B 6 L'. 

Then  f satisfies  the  required  conditions.  □ 

Lemma  2.  Let  K be  a simplicial  complex,  and  let  A G K.  If  f is  a piecewise  linear 
homeomorphism  from  A onto  A which  is  the  identity  on  A,  then  f can  be  extended 
to  a piecewise  linear  homeomorphism  g from  ||/f||  onto  \\K\\  that  moves  no  points  of 
\\K\\ \ ||star(>l;/f)|| 

Proof.  Since  star(^;  i^)  = A.  link(yf;  i^),  we  can  use  Lemma  1 to  extend  / to  a 
piecewise  linear  homeomorphism  /'  from  ||star(yl;  iL)||  onto  ||star(yl;  iL)||  which  is 
the  identity  on  1 1 link(^;  K)\\. 

If  a G \ ||star(A;  K)\\,  and  a e B e K,  then  C = Bn  ||star(A;  K)\  \ is  either 
empty  or  a simplex  in  star(A;iL).  If  C contains  a point  in  A,  then  C contains  A 
and  then  C G star(y4;iL),  which  is  a contradiction.  Therefore,  \i  C n A ^ % then 
C n A E A.  In  that  case,  C G A.  link(yl;  A'),  and  since  the  elements  of  A and  of 
link(A;  K)  are  not  moved  by  /',  we  have  (by  the  proof  of  Lemma  1)  that  f is  the 
identity  on  C.  This  way,  if  we  define  g as  the  extension  of  f to  HA'H  that  is  the 
identity  on  a G IIA^II  \ ||star(>l;  A')||,  we  have  that  g is  continuous,  and  therefore  a 
piecewise  linear  homeomorphism  from  ||Ar||  onto  ||Ar||.  □ 
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Set  theory  is  the  area  of  mathematics  that  provides  the  foundations  for  most  of 
the  work  in  all  areas  of  mathematics.  It  is  also  a very  active  field  of  research  by  itself. 

In  this  dissertation  we  explore  how  some  basic  assumptions  about  the  set  theoretic 
universe  affect  set  theory  and  topology.  The  first  assumption  studied  is  the  axiom 
of  choice  (AC);  it  is  well  known  that  if  AC  fails  in  the  universe  of  sets,  then  the 
distinction  between  infinite  and  finite  becomes  slightly  blurry,  and  we  find  in  turn 
how  this  affects  AC.  Also,  the  failure  of  AC  allows  us  to  find  pathological  examples 
in  topology,  the  area  of  mathematics  that  studies  continuity  from  the  geometric  and 
analytic  point  of  view. 

A different  kind  of  assumption  that  we  study  is  the  existence  of  so-called  large 
cardinal  numbers,  which  measure  the  size  of  different  large  infinite  sets.  The  existence 
of  large  cardinals  is  an  assumption  that,  unlike  AC,  cannot  be  proved  consistent  with 
the  other  axioms  of  set  theory.  We  use  core  model  theory,  a cutting  edge  area  of 
research  in  set  theory,  to  study  the  properties  of  a kind  of  large  cardinals  called 


Jonsson  cardinals. 


